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CHAPTER I 

CO-ORDINATE AXES 


1.1. Let XOX' and YOY' 
inclined with each other at an 
angle u> (read as ‘omega’). 
Let X'OX and Y'OY be the 
positive directions of these two 
lines. Then 

(t) X'OX is called the Axis 
of x (or, shortly, the x-axis ), 

(u) Y'OY is called the Axis 
of y (or, shortly, the y-axis), 

{Hi) X'OX and Y'OY 
taken together are called the 
Co-ordinate Axes, 

(tv) O is called the origin , 

and 


be two fixed straight Mnes 





(v) <i> is called the angle of inclination of the axes, 

1 11. Rectangular Co-ordinate Axes. 


If the axes X'OX and Y'OY 
are inclined at right angles with 
each other, i.e., if <o=90°, then 

these are called the Rectangular 
(So-ordinate Axes ; otherwise, 
these are called the Oblique 
Co-ordinate Axes . 



y 
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12. Co-ordinates of to point 

Let P be any point in the 
plane. Draw PL and PM parallel 
to OY and OX respectively 
meeting OX in L and 0\ in 
M. Then the distance OL is 
called the Abscissa (or, the 
r — co-ordinate) and the distance 
OM, the ordinate (or, the 

— coordinate) ot the point 1 

respectively. Both the distances 
OL and OM taken together are 
called the co ordinates oi the 

point P. 





/ 


y 


y 


If OI = and OM = //', then x‘ and y , are the coordinat 
of P and these arc, for the sake of brevity, denoted by tl 

symbol (.<*', })')• 

t . . T u P abscissa r' is, as a matter of convention, wntt' 

»/«' *• «■« "e—** ** 

comma. _ 

1.3. Co-ordinates of a point when .the axes 

rectangular. 

L e t P be any point in the 
plane of the rectangular axes. 

From P draw PT i on 
and PM _L on 0\ ■ Then 

{i) OLis called the abscissa 

(or, x — co-ordinate) of P, 

( ::\ PL is called the ordinate 
(or {l yLco.ordinate) of P, 

Uii) Both the abscissa and 

ordinate of P P 

called the co-ordinates ot r. 
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, PT men a' and y are the co ordinate 

P and 0 for = the"fke ofb, : evity, these are denoted by the syrr 

(*> y )• 
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CO-ORDINATE AXES 3 

Note : Throughout this book , we shall deal with ‘rectangular 
axes' and with ‘rectangular co ordinates' as such. Articles on 
the “Oblique Axes ” also will, however , be explained wherever 
necessary. 

1.4. Signs of Co-ordinates. 

( i ) x t or the abscissa, is 
positive if measured to the right 
of the origin , and negative , if 
measured to its left. 

(u) y, or the ordinate, is 
positive if measured above the 
x-axis, and negative if measured 
below it. 

Note : (i) The point whose 
co-ordinates are (x, y) is shortly 
written as P(x, y). As a matter 
of convention, x is written first within the brackets and y after 
x, the two being separated by a comma. 

(u) P(0, 0) denotes the origin itself. 

1.5. Quadrants. 

The two mutually perpendicular lines XOX' and YOY' 
divide the entire plane into four parts called Quadrants. 

(i) XOY is called the first quadrant , 

(n) X'OY the second quadrant , 

( \ii ) X'OY the third quadrant , and 

(iv) XOY' the fourth quadrant. 

1.51. Signs of co-ordinates in different quadrants 

(t) First Quadrant. 

The co-ordinates of P, are 
(-K +), as both OL, and PjL^ 
are positive. 

(ii) Second Quadrant. 

The co-ordinates of P 2 are 

+)* as OL 2 is — ve and 
P 2 L 2 is -}- ve. 

(in) Third Quadrant. 

The co-ordinates of P s are 

(“» " 7 )* 38 is —ve and 

r a Lj is also —ve. 
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(iy) Fourth Quadrant. 

The co-ordinates of P 4 are ( + , —), as OL 4 is -fve a 
P 4 L 4 is — ve. 


Example. The points (4, 5), ( — 4, 2). ( — 5, —7) (a 
(3, —4) will be in the first, second, third, and fourth quadrat 
respectively. 

1.6. How to plot a point P(x, y). 

(i) Measure OL along the P(x.H) 

x-axis and =x, observing , of course, 
the rule for sign of x, as given in 
Article 1.4. 

(n) Measure PL J_ to the x-axis 
and =y, the rule for the sign of ■ 
y being observed in terms of 
Article 1.4. 

Then P is the required point 

{x, y )• 

Exercise. Plot the points (3, 5), ( — 5, —1), (0, 3), (-4, 
(0, 0). (-3, 0). 

1.7. Distance between two points. 



To find the distance between 
two points whose co-ordinates 


are given. 

Let P(*„ Vi) and Q.(* 2; 2/a) 
be the two given points. Join 
PQ and let PQ,= d. 

Draw PL and QM perpendi¬ 
culars on OX and PR perpendi¬ 
cular on QM. 


Now PR —LM=OM—OL 

= x 2 x \ •••(*) 

QR=QM — R M 
=QM — PL 

-yT-yi •••(*> 
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From the right -/^d A PQR» we have 
PQ, 2 =PR 2 4-QR* 

or ^ 2 = (^ 2 —^i) 2 +( 2 / 2 — Vi ) 2 [from (i) and (u)] 

d=V(x 2 -x 1 ) a -f (y 2 -yj 2 . 

Note: (i) Actually, d = =tv/ ( x 2 ~ *i)* + (y 2 “ Vi) 2 > but as 
dfctance between two points means distance in magnitude, we 
reject the — ve sign and keep the + ve sign only. 

(u) The distance formula may also be taken as 
d — V&i —^ 2 ) 2 +(y 1 —2/ 2 l 2 > ^ V( x i- x 2)*+{y\ — V 2 ) 2 is th * same 

as v"( *2- x i) *+( y 2 -y\)*- 

(iii) In the above article, P(a: l , y x ) and Q(x 2 , y 2 ) have been 
taken in the first quadrant, but the proof of this article or that 
of any subsequent article is true in whatever quadrant the points 
may lie. In fact, henceforth we shall presume all the points 
to lie in theirs* quadrant . 

Cor. To find the distance of the point P(z lf y 1 ) from 
the origin. 

Here we have to find the 
distance between the points 
P( x i> V\) and the origin “O” 
whose co-ordinates are (0, 0). 

Complete the figure as shown. 

Then from the right-angled 
triangle POL, we have 

OP 2 =OL 2 +PL* ...(f) 

But OL=a: 1 and PL=y 1 

(1) gives 


P(X| >*) 

y 

-X 

y 



Ex. 1. 
(- 2 , 2 ). 


Solved Examples 

Find the distance between the points (1,-2) and 
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Sol. Here we have to take (1, —2) in place of (x „ ?/.) and 
( — 2, 2) in place of (x 2 , y e ). 


••• d= % /(x 2 -x I )*-\-(y 2 -y i )* gives d= y/{— 2 —1) 8 + (2 + 2) 2 

= V 9 +16=5. 


Ex. 2. Show that the points (12, 8), (—2, 6), and (6, 0) 
are the vertices of a right-angled triangle. 


Sol. Let A, B, C be the 
points (12, 8), (6, 0) and 

( — 2, 6) respectively. 

Plot the points A(12, 8), 
B(6, 0), and C(— 2, 6) carefully, 
on a graph paper if possible. 

Now AC 2 =(12 + 2) 2 -f(8-6) 2 

= 200 

AB 2 = ( 12 —6) 2 -f (8—0) 2 

= 100 

and BG = (6 + 2) 2 +(0-6) 2 

= 100 



AC 2 =AB 2 -f-BC 2 . 

Hence, by the converse of Pythagoras theorem, the triangle 
ABC is a right-angled triangle with ^6 = 90°. 

Note : In questions of the type given above , it is advisable 
to plot the points on a graph paper. By doing so, the student ivill 
get a very clear figure. 

Ex. 3. Prove that the points (—1, 0), (3, 1), (2, 2), and 
( — 2, 1) are the corners of a parallelogram. 

Sol. Let A, B, C, D be the 
points ( — 1,0), (3, 1), (2, 2), and 
—2, 1) respectively. 

Plot these points as shown in 
the figure. 

Now_ 

AB = V (’ 3 + T ? d -( 1 -°) 2 = v/l7 

BC=V(3^2]>+(T :l 2) i! =V2 

CD=V(2+2)H : (2- 1 ) i=Vl7 

DA=v/M+2)qh(0^=V2 


y 




CO-ORDINATE AXES 


7 


This shows that AB = GD,BG = D A which are the opposite 
sides of the quadrilateral ABGD. Hence the quadrilateral is a 

parallelogram. 

1.8.* Distance between two points when the axes 
are oblique. 



Let P (arp y x ) and Q (x 2 , y 2 ) be the two points and let 

ZXOY= w . 

Draw PL and QM parallel to OY meeting OX in L and M 
respectively. 

Draw RR parallel to OX meeting QM in R. 

Now PR=LM = O M—OL=x 2 —x. 

QR=QM - RM=QM - PL = v*—y, 
and PRQ==tt — <d 

Let PQ=d ; then from the triangle PQR, we have 

cos (tt co) = PR 2 + p f R T ^R PQ ' 2 ...(By Cosine formula) 

or PQ S =PR J +QR J - 2.PR.QR cosier-,,) 

=PR»+QR *4 2.PR QR cos co 

[*•• COS(7T —G>)= — COS CO] 

or d 2 =(x 9 — y x ) 2 -f 2(.r 2 —a^)^ — y x )cos co 

d=N/(x 2 —Xi) 2 -p(y 2 — y,) 2 +2(x 2 — x 1 )(y 2 —y t )cos co 
Cor. If g)=90°, then the axes become rectangulur , and, 

d = v / (^ 2 -.r 1 )2q-( 2 / 2 - 2/l ) 2 (-.* cos 90°=0) 

which is the same formula as obtained under Article 1.7. 
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Thtortm coming under oblique axes are not included 
j i syjfabus prescribed for the T. D. C. (Part I) students of the 

J. & A. University. These are, however, given here for the 
advantage of ambitious students. J 


Exercise 1 

Find the distance between the following pairs of points 

'■ (2, 3), (5, 7) 

2- (4, -7), (-1, 5) 

3. (a, 0), (0, b) 

4. (b+c, c+a), (c-f a, a+6) 

5. (a cos a, a sin a), (a cos /?, a sin (3) 

6. (amf, 2am 1 ), {am 2 2 , 2am 2 ) 

7. For what value of x, the distance between the points 
(x, 2) and (3, 4) is 8 ? 

8. A line is of length 10, and one end of it is at the point 
(2, -3). If the abscissa of the other end be 10, prove that the 
ordinate of this other end must be either 3 or —9. 


9. Show that the points (a, a), ( — a, a) and (—<z\/3, a^/3) 
are the vertices of an equilateral triangle. 

10. Show that the points (0, —1), (2, 1), (0, 3) and ( — 2, 1) 
are the corners of a square. 


11. Show that the points (1, 1), (—£,*) and (1, 2) form a 
right-angled triangle. 

12. Show that the points (2, —1), (4, —1), ( — 1, —2), and 
(1, —4) form the angular points of a parallelogram. 

13/) The point (x, y) is equidistant from the points (—1,1) 
and^3, —2). Show that 8a;—6y-f 11 =0. 

/9. Section Formulae 




To find the co-ordinates of the point which divides the join of 

(x lt y t ) an d ( x 2 > Vz) in the tatio l : m ‘ 
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(i) Internal Division 

Let P (ar,, yj and Q 
( 3 * 2 , Vz) be the two given 
points and R(x, y) be the 
point which divides PQ, in 
the ratio l : m internally, 
so that 

PR _ l 
RQ, m 



. Draw PL, QM and RN perpendiculars on x-axij 
in L, M and N respectively. Then 

LN = PR^_ l 

NM RQ, 

Now LN=ON — OL=x— x., and 

NM = OM—ON=a ; 2 —x 
from (1) we get 

x—x 1 _ l 
x 2 '—x m 

or — lx=mx~mx l 

or lx 2 +mx l ^(l^m)x 

lx 2 +mx. 


• • 


1-t-m 


meeting it 



Similarly 


-t-my 2 


ai i + m 

Alternative Proof : (lobe prefer red) 

Let P (*i» Vi) and 0.(2,, y 2 ) be 

the points and R(*, y) the point 
which divides PQ internally in 
in the ratio l: m. 

Draw PL, QM, RN perpendi¬ 
culars on OX, PK and RT per¬ 
pendiculars on RN and QM 
respectively. — 
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Now the triangles PQR and RTQ are similar ; hence their 
corresponding sides being proportional, we have 


But 


and 


PR _ PK_ RK 
RQ RT QT 

PR l PK __ LN __ ON-OL _ x-x x 
RQ ~ m ’ RT NM OM - ON x 2 -x 

RK RN—KN _ RN-PL y- lh 
QT" QM-TM QM -RiN y~-y 


from (1) we get 


l _ x-x t _ y-y x 
m x 2 -x y 2 —y 


which gives us 

^ _ lx 2 4 mx i 
l + rn 

= h J* + mi J i 

l + m 


Cor. If R be the mid-point of PQ, the ratio l : m becomes 
1 : 1. Hence the co-ordinates of the mid-point are 


( *i-t -* 2 */j+ y-i \ 

V 2 ’ 2 ) 

Note : The following is the working rule for writing down the 
co-ordinates of the point which divides the'join of the two given 
points internally in the ratio l : m. 

( i ) Multiply l by the x-co-ordinate of the point remote from l , 
and m by the x-co-ordinate of the point remote from m. 


(ii) add these products, and 
( Hi) divide the sum by l-\-m • 

This will give the .r-co-ordinate 
of the point of division. 

The ?/-co ordinate of the point will also be got in the same 

manner. 
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(n) External Division. 

Let P(a;,, T/jIand Qj x 2 . y 2 ) be the two points and R the point 
which divides PQ externally in the ratio l: m. 

From P, Q, and R draw y 


PL, MQ and RN perpen¬ 
diculars on OX. Through 
R, draw a straight line 
RBA parallel to the z-axis 
meeting LP and MQ pro¬ 
duced in A and B respecti¬ 
vely. 

Then from the similar 
triangles ARP and BRQ, o 
we have 

AR PR _ l 
BR 





L 




N 


RQ, m 

But AR=LN=ON - O L=x - x 1 
and BR=MN=ON—OM=i-* 2 

From (1), we have 


...( 1 ) 


x — x 


i_ 


l 


m 


or 

or 


x—x 2 

lx—lx 2 = mx—mx 1 
(l—m)x=lx 2 —nix l 


lXo — 


x= — 


Again, 


AP 


1- 

PR 

m 


BQ PQ, 

But AP=AL-PL =RN—PL =y-y t 
and BQ = BM — QM = RN - QM = w — y 2 
From (2), we have 

y-yi ^ 

m 


...( 2 ), 


or 

or 


2/—2/a 

l y—ly 2 =my—my l 

(l—m)y=ly 2 —my l 


• • 


y= 


_ ly 2 -m yi 


1—m 
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Note: (1) The following is the working rule for writing 
down the co-ordinates of the point which divides the join of the 
two given points externally in the ratio l : m. 

Change m into -m and write down the co-ordinates of the 
ratioi. dlvides the J° in °f the 9 ^en points internally in the 

Thus, if R(ar, y) is such point, we have 


T _ j?2 + ( ~ m )Z j _ lx 2 — 


mx 


— l—m 

and ^ 2 +(~ m )yt _ l y 2 - rny^ 

l-\-( — m) l—m 

Note : (2) If R divides PQ internally in the ratio l : m , 

PR l 

t ^ ien ^Q == ^T anc * ^ ** PQ, externally in the said ratio, 


then 


PR l „ 

=-for in this case PR and RQ, will have 


RQ, m 

different signs. 

/ 

\ Ja 1*1®* Some Important Theorems 

' (a) To prove that the medians of a triangle are concurrent. 

Let A(x lt ?/i), B(x 2 , y 2 ) and 
C(r 3 , yfl be the vertices of the 
triangle ABC. Let D be the 
mid-point of BC. 

The co-ordinates of D 
*2+*3 


• • 


are 


( 


2 ’ 2 

Let G divide in the ratio 

2 : l. 

Then the co-ordinates of G 
are given by :— 



i^ + 2.^+a 


x== 


1+2 


_ a 'l+ :C 2 +^3 

“ 3 
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Lj/i+2. 


2/2 + 2 /: 


and 


y 


1+2 


_ 2/1+2/2+2/3 

~ 3 


The symmetry of the result shows that we can come to the same 
point if the other two medians are also treated in a similar 
manner. Hence the three medians are concurrent. 

Note : (i) The point of concurrence of the three ^medians 
is called the centroid of the triangle, and its co-ordinates, as 
shown above, are : 

*l + * 2 + *3 2/1+2/2 + 2/3 


(ii) The centroid divides each median in the ratio 2:1. 


Let the internal bisector of 

angle B meet AD in I. Then I ^_ 

is defined as the in-centre of Hs y 
the triangle. 


Now 


BD 


• * 


Again 


DC 

the co-ordinates of D are given by 

x — - z z +^3 ^i/g+cyg 

b+c 9 u 6 +c 
BD c 
DC =T 
BD 


At*'-? 1 ) 


( b ) To prove that the bisectors of the angles of a triangle are 
concurrent. 

Let A{x lt y x \ B(z 2 , y 2 ) and 
3 / 3 ) be the vertices of the 
triangle ABC. Let AD be the 
internal bisector of angle A 
meeting BG in D. Then D 
divides BG in the ratio AB: AG 
t.e., c s b. 



or 




(Please note this step ) 
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or 


or 


BD 

BC 

BD 


c + 6 
c 


.*. BD 


ca 


a b -\-c b-\-c ...(i) 

Now BI, the internal bisector of angle B, meets AD in I 

ca 

ID BD b- f-c 

c [From (i)] 

a 


• • 


IA 


BD 

AB 


6+c 

the co-ordinates of I are given by 


x = 


flXa-j + (Hc) X ~-. 2 Cx * 

b+c 


a-f-(&+c) 


axj-f-bxg-f cx 3 
a+b + c 


and y = 


«x yi -H&+c)X bV . 2 ^- , 

_ b + c = ay! + by, 4- cy 3 

a. + {b + c) 


a + b-fc 

The result being symmetrical, we conclude that the bisectors of 
the angles of a triangle are concurrent. 

*1.11. To show that the co-ordinates of the centre of the escribed 
circle opposite to the angle A are given by 

x = -ns,+ &*.+«*» and - a y l+ b y i +cy 3 
a+b+c J -a+6+c 

Let A(.Tp 2/ 1 )» B (*«* Vi) and 
C(:r 3 , y 3 ) be the co-ordinates of 
the vertices of the triangle ABC. 

Let BIj, the bisector of the 
exterior angle ABC meet AD, 
ihe bisector of angle A, produced 
in I,. Then l l is defined as the 
centre of the escribed circle oppo¬ 
site to the angle A, and is gene¬ 
rally known as e-centre. 
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Now, 


AI 1 

IiD 


AB 

BD 


b-\-c 

a 


Therefore, l x divides AD externally in the ratio 6-fc : a 
Hence its co-ordinates are given by 


(&+c)x- 


bx 2 + c. r 3 


—ax 


x = 


and y = 


v ' b\c 1 

(6 + c) —a 

(6-|- c)- a 


— a.r, -|- bx 2 -4 c.r 3 
— a + 6 + c 


— <*y x +b y 2 + cy 3 

^^■ ■ i 

— a -}-6 -|- c 


We can in a manner show that the co-ordinates of the 
centres of the escribed circles opposite to angles B and G are 

ax, — bx 2 -cx 3 ay,-by 2 + cy 3 

a-b-fc ’ a-b+c 


and ax i+bx 2 -cx 3 ayi-fby 2 -cy 3 
a + b-c a j 6-c 

Note* : This theorem may be omitted by less ambitious students 

Solved Examples 

Ex. 1. Find the co-ordinates of the points which divide the 

the join of (2, 5) and (4, 7) internally and externally in the 
ratio 3:5 

Sol. Here *,=2, * 2 =4 ; y,=5, y 2 = 7 ; 7=3, m=5. 

. (^) ^be co-ordinates of the point of internal division are 
given by 


_& 2 + 

3x4+5x2 

22 

11 

t+m 

3 + 5 

“ 8 

~ 4 

lyz+my, 

_ 3x 7 + 5x5 

46 

23 

* l+m 

3 + 5 

8 

4 
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. The co-ordinates of the point of external division are 
given by 

lx 2 -m Xl 3x4—-5x2 2 

l-m - 3^5 ^2" = - 1 

v _Jy 2 - m Vi 3 x 7 — 5 x 5 -4 

J l-m ~ 3-5 ~~-Z2 ==1 


Ex. 2. Find the ratio in which the x-axis divides the join 

of the points P(4, 6) and Q(3, -8). What are the co-ordinates of 
the point of division ? 


Sol. Let R be the point in 
which the join of PQ, is cut by 
the x-axis and k ; 1 be the 

ratio in which R divides PQ,. 
Evidently, the y co-ordinate of R is 
zero. 


• • 


Using 

t-\-m 


we get, 

n “ 8 * + 6 

k- f-1 


which gives 



y 



1 

K 

o 

c 

t 

[R 

i 

?<v*> 


Hence the required ratio is 

lx 2 -\-mx l 


j : i oi 


Next, from x =—— , we get, 




3 x 3+4x4 25 

3+4 “ 7 


Hence the co-ordinates of R are ^ -y-, 0 J 

Note : The student should note that by supposing the ratio 
to be l : m in place of k : 1 in the above example, it would have 
been difficult for us to find the co-ordinates of R. 
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Ex. 3. The mid-point of a line-segment is (2, 3) and one 
end is (5, 9) ; find the co-ordinates of the other end. 

Sol. Let A (5, 9) be one end 

and B(/&, k) the other end. Let ___ 

M(2, 3) be the mid-point of A(5, 9; M(2, 3) B(/i, k) 

AB. Then from x=- Xl and 


- Vi+3/2 


, we get 


2=^±*- and 3= 9+4 


2 2 
These give — 1 and k = — 3 

Hence the co-ordinates of B are (—1, —3). 

Ex. 4. Find the centroid of the triangle the co-ordinates of 
whose vertices are : (0, l), (-1, 2), (-2, -3) 

Sol. Here #,=■=(), *,= — 1. .r 3 =— 2 

2/i =1 » 2/2=2, t/ 3 =-3 

Therefore, from the formula **-^**±5. and 

,-iJd^tSL, we have 

T= °~3 * and y = '—-3 = 0 

Hence (-1, 0) are the co-ordinates of the centroid. 

112. Choice of axes for proving r 

°*“A„? y T.;; y T" 

V<3Man a l f d PT at > B)' S t a u at BC 9 and lria ”Sft BBC 

"VM, and I: ,„ BA “ -f * and , 
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(ii) For problems relating to a rectangle or a square ABCD, 
take AB and AD as these axes, and A as the origin. 

Note : Sometimes, for the sake of convenience we take 
the centre of a rectangle or of a square as the origin, and lines 
through it, parallel to the sides, as the axes. 

Rule II. For problems relating to two given points A and B, 
take 0, the mid-point of AB, as the origin, and OB as the x-axis , 
so that OY , the line through 0 perpendicular to OB, may be 
y-axis. 

Explanation :— y 

Let AB=2 a 

Then B is (a, 0) and A is 

(-a, 0). _ 

A (-a .o) 

Cor. For problems relating 
to a triangle ABC, take 0, the 
mid-point of BC, as the origin, 
and OC as the x-axis, so that OY, 
the line through 0 perpendicular 
OC, may be the y-axis. 

Explanation :— ft O 

Let BC = 2a 

Then C is {a, 0) and B is (-a, 0). Let A be (x lt y t ). 

Solved Examples 

Ex. 1. Prove . analytically 
of the hypotenuse is 


poid-point 

mints. 


that in a right-angled triangle , the 
equidistant from the three angular 

(Very Important) 
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Sol, Let ABC be the right- 
angled traingle right-angled 
at B 

Take BC and BA as the axis 
of x and y respectively. Put 
BC = a and BA = c, then the 
co-ordinates of M, the mid-point 

of AG, are(“, -*-) 

- “■-V(f-o.>'+(w-y z P : 

cm .. y (•-. )- +( ±._o y 

“ d B “ - V(t )‘+(t-° )' - 

AM = CM = RM 

Hence M is equidistant from A, C, and B. 


y 

1 



Ex. 2. In any triangle ABC, prove that 

AB 2 +AC 2 = 2(AD a -f DC*) 

where D is the mid-point of BC. 


Sol. Take D as the origin, 

DC as the axis of x, and DY, 

the line through D perpendicular 

to BC, as the axis of y. Take 

the co-ordinates of G as (a, 0) 

and those of B as (—a, 0). Let 

(•^i* Vi) be the co-ordinates 
of A. 

Now that the co-ordinates 
of D are (0, 0), we have 


y 
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2(AD 2 + DC 2 ) 

= 2[{(* 1 —O) 2 -^—0) 2 } + {(a -0) 2 +(0-0) 2 }] 

=2 (x^ + ^+a 2 ) 

Also AB*+AG 2 ={(x 1 +a) 2 +(2/,-0) ! }+{(Xi-o) °)'} 

=2x 1 2 +2i/ 1 2 +2a 2 =2(a: 1 s +^i 8 +a ! ) 

Hence 

AB 2 -f-AG 2 = 2(AD 2 -f DC 2 ). 

Exercise 2 

Find the co-ordinates of the point which divides the line 
joining 

1. The points (1,3), (2, 7) internally in the ratio 3 : 4. 

2. The points (1,3), (2, 7) externally in the ratio 3 : 4* 

3. The points (-1,2), (4,-5) internally as well as 

externally in the ratio 2 : 3. 

4. Joining the points (-3,-4), ( — 8, 7) in the ratio 7 : 5 
externally as well as internally. 

5. The line joining the points (1, —2) and ( — 3, 4) is 
trisected ; find the co-ordinates of the points of trisection. 

6. The line joining the points ( — 6, 8) and (8, —6) is 

divided into four equal parts. Find the co-ordinates of the 
points of section. ^ -> v \) 

7. The point (0. 2) is the mid-point of the line joining 
—4) and B find the co-ordinates of B. 

8. The mid-points of the sides of a triangle are (2, 1), 
(_6 3), and ( — 4, — 5) ; find the co-ordinates of the vertices 

of the triangle. 

9 Find the c^troid of the triangle whose vertices are 
(3, —5), ( — 7, 4), affi (10, —2). 

10 The centroia of triangle ABC is (§, \~) and the 

co-ordinates of A and %are (2, 3) and (7,-5) respectively. 
Find the co-ordinates of C. 

11. In what ratio is the 4ine joining the points (4, 5) and 
(1, 2) divided by. 


CO-ORDINATE AXES 


21 


12. Find the lengths of the medians of the triangle whose 
vertices are :— 

(i) (3, 5), (5, 3), (7, 7). (ii) (7, 1), (3, 9), (-4, -6). 

13. Show that the lines joining (3, 5), (7, 7) and (1, 4), 
(9, 8) bisect each other. 

Al. 

14. The co-ordinates of the three vertices of parallelogram 
are ( — 4, —2), (2, 0), and (tf, 6). Find the co ordinates of the 
fourth corner opposite to the corner (2, 0). 

15. Find the co-ordinates of the in-centre of the triangles 
formed by the points :— 

(0 (4, -2), (-2, 4), (5, 5) 

(ii) (-3, -2), (5, V). 

16. If G is the centroid of a triangle ABC and O any point, 
show that :— 


(0 3(GA 2 +GB 2 4-GC*) = BC 2 + CA 2 +AB 2 
(it) OA 2 +OB 2 -l-OC 2 =GA 2 + GB 2 +GC a -f-3GO J . 

1.13. Area of a trapezium 


Let ABCD be the trapezium 
with AB and CD as its parallel 
sides. Join BD, and draw DL 
and BM perpendiculars on AB 
and DC (produced) respectively. 

the area ABCD 

=area of A ABD 4 area of 
A BCD 

=$. ab.dl+^.dc.bm 

= *X(AB + DC)xDL 



% [v DL = BM] 


twentiet h 5 a , tra P ezlu ™* (».e., a quadrilaterat having 

i i , equal one hal f lhe sum of the two parallel 

es multiplied by the perpendicular distance between them. 
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1.14. To find the area of a triangle in terms of 
co-ordinates of its vertices. 

Let A(#j, ?/j), B(x 2 , 1 / 2 ), and 
C(aJ 3 , y 3 ) be the vertices of the 
triangle. Draw AL, BM, and 
GN perpendiculars on OX. 

Let A denote the area of the 
triangle. 

Then 

A *=Trapezium 

ALNC -f trapezium 
CN MB—trapezium 
ALMB 

= |(AL+CN) x LN-M(CN+MB) x MN 
— $(AL-{-MB) x LM {Article 1.14) 

= i[(2/i4-^ 3 )(^3 —^i)-f-(2/ 3 -f-2/ 2 )(^2—^ 3 ) —(2/i-+-2/ 2 )( ;r 2—^ 1 )] 

=i[( x iy2- x 2 yi)+( x 2y3-x3y2)+(x 3 y 1 -x 1 y3)] ...(i) 

This can be written even as under :— 

A=K x i(y 2 -y3)+x 2 (y3-yi)+ x 3(yi-y 2 )] — ( 2) 

If we use the determinant notation, the above result can be 
put as :— 








A=± 

2 






XZ 
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Cor The area of the triangle whose vertices are the origin 

and the points (x v V,) ond (x„ y 2 ) is {(x^-x^). 

fJntp • The student is admsed to memorize the result (2) m 

preference to result (1). He is also advised to understand the 
following rule in this connection 
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(1) Write down £ outside the long bracket. 

(2) Inside this long bracket, write down x x {y 2 -y 3 ) as shown 

below :— . 

A=*[yi(y2- x 3 )+ + —W 

(3) Change x x to x 2 , y 2 to y 3 , and y 3 to y x to get x 2 {y 3 -y x ) and 
Jill up the Jirst gap within the long bracket by inserting %n it 

*2(y 3 -yi)- 

(4) Change x 2 to x 3 . y 3 to y lf and y } to y 2 in x 2 {y 3 -y x ) to get 
x 3 (y x — y 2 ), and fill up the second gap by it within the long bracket' 
in ( 4 ) above. 

(5) The complete area formula will thus be got as under :— 

A=K x i(y 2 - y 3 )+ x 2 (y 3 - y i)+ x 3 (yi - y *)]. 

Note : (2) The area of the triangle always means the area in 
magnitude . Therefore , if in a numerical example we get a 
negative result , we change its sign to get the area in magnitude. 

1.15. Condition for the collinearity of three points. 

If A(a?,, y,), B[x 2 , y 2 ), and C(z 3 , y 3 ) lie in a straight line, 
then the area of the triangle formed by these three points is 
zero. Thus 

*i(y 2 —y 3 )+* 2 (ys—y>)+* 3 (yi—y2)=o [••• 

which gives the required condition. 

If we make use of the determinant notation this condition 
can be put as 



Note : Other tests for the collinearity of three points will be 
discussed in Chapter III (Article 3.16). 
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1.16. To find the area of a quadrilateral whose angular points 
are y 4 ), B{.x 2 y 2 ), C\x 3 y 3 ), and Z)(.c 4 , yf). 

Draw AG the diagonal of 
the quadrilateral. Then the d 

quadrilateral 

ABCD = A ABC + A ACD 

4* 2 (2/ 3 -2/j) 

+* 3 (2/i-2/ 2 )] + 

\[ x i(y*-y*) 

+- r 3 (?/4-2/i) 

-+-^ 4 ( 2 / 1 — 2 / 2 )] 

= \ [ x iY 2 - x 2 Yi) + ( x 2 y 3 - x 3 y 2 ) + (x 3 y 4 - x 4 y 3 ) + (x 4 y 4 - x,y 4 )] 

Note : The student is advised to avoid the direct application 
of the above formula in solving numerical questions. In each such 
case , he should divide the given quadrilateral into two triangles 
by drawing a diagonal, and then find the area by adding together 
the areas of the two triangles so formed. 

Solved Examples 

Ex. 1. Find the area of the triangle the co-ordinates of 
whose vertices are (1, 3), ( — 7, 6), and (5, —1). 

Sol. Here x ^ ^ 1, x 2 ^ 7, x 3 =5 

and 2 /i = 3, 2 / 2 = 6 , 2 / 3 = — 1 

the required area 

= \[ x i (2/a—2/ 3 ) +* 2 (2/ 3 ~2/i) +* 3 (2 /i - 2 / 2 )] 

= $[l(64-l)-7(-l-3) + 5(3-6)] 

= $(7-}-28—15) = $ x 20 = 10. 

Ex. 2. Show that the points ( — 5, 1), (5, 5) and (10,7) 
lie in a straight line. 

Sol Here ^ 4 (2/ 2 — 2 / 3 )+^ 2 (2/ 3 — 2/i ) T--^ 3 (2/i — 2 / 2 ) 

= — 5(5 —7) 4-5(7—1)4- 10(1—5) 

= 10-1-30-40=0. 

Hence the three points are collinear. 
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Ex. 3. If ( x , y) be any point in the straight line which 
passes through (2, 4) and (5, 9), prove that 

5.r — 3y-\- 2=0. 

Sol. This clearly means that the three points (r, y), (2, 4 ), 
and (5, 9) are collinear. 

*(4-9)+2(9-y)+5(y-4) = 0 

This gives 5x— 3y-f2=0. 

Ex. 4. Find the area of the quadrilateral whose angular 
points are (1, 2), ( 6 , 2). (5, 3), and (3, 4). 

Sol. Let ABGD be the diagonal. Join AC. Then the 
area of the quadrilateral 
= A ABC 4- £ ACD 
3) + 6(3-2) 

+ 5(2-2)] 

+ «1(3—4) + 5(4-2) 

+ 3(2-3)] 

= ?[—1 + 6 -hO] 

+ i [—1 + 10 — 3 ] 

= f+3=V 


Exercise 3 

1. Find the area of the triangle whose vertices are :_ 

(*) (2, 7), (8, 4), (5, 10). 

(if) (a cos «, b sin a), (a cos 0, b sin 0), (a cos v, 6 cos v) 
(m) (-2, 5), (7, 8 ), (5, -2). 

(it-) (-2, 3), (-7, 5), (3, -5). 

(v) (at*, 201 ,), (at*, 2 at,), 2 at 3 ). 

(*”) “ft+V}* {«Ms. «(i 2 +*3)}, {a( 3 <„ a(i 3 +i,)}. 

(ttii) (»„ ~ ), («*, £ ). (a ni3 , i). 

2. Show that the following sets of points are collinear 

(*■> (°> -7), (1, -5), (4, 1). 

(u) (a, 64 c), ( 6 , c+a), (c, a+ 6 ). 


0 
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, w „ x (lx 2 +mx l ly t +my j\ 

{ni) {x lt yj, {x 2 > V 2 i> { i+ m > )• 

(iv) (2, 3), ( 6 , 9), (0, 0). 

(v) (a, 0), (0, 6 ), (3a, -26). 

3. If the point ( x , y) be collinear with the points (1, —2) 
and (3, —4), show that 

x±y-\-1 =0. 

4. If (x, y) be any point in the straight line which passes 
through (a, 0 ) and ( 0 , 6 ) prove that 



5. Determine the value of k in order that the points 
(2, —1), ( — 3, 4), and ( k y 5) may be collinear. 

6 A B, C are the points ( — 1,5), ( 3 , 1 ), and (5, 7) 
respectively. D. E, F are the mid-points of B C, <3A. a:nd AB 
respectively. Show that the area of the triangle ABC is lour 

times that of the triangle DEF. 


res 


7 . The co-ordinates of A, B, C are ( 6 , 3), (-3, 5), (4, 2) 

pectively, and P is any point (*, y), show that 

APBC x+y-'l 

a'abc “ ’ 

8 . Find the area of the quadrilateral whose angular points 


(t) (-5, 7), (3, -2), (2, -4), and (- 8 , -9). 
(it) (1,2), ( 6 , 2), (5, 3), and (3,4). 


CHAPTER II 

LOCUS 

2.1. Def. The locus of a moving ■point is defined as the 
path traced out by it in accordance with some given geometrical' 
condition. 

Mathematically, the locus is defined by the following equa¬ 
tion :— 

Locus=path traced out by the point -f- some given' 
geometrical condition. 

We can, therefore, say that every “locus” is a path, whereas 
every path may or may not be a locus. 

Illustrations : — 

(1) Let a point P move in such 
a way that it remains at a constant 
distance from a fixed point O. In 
this case, we can say that the locus 
(i.c., the path traced out by the 
point P) is the circumference of a 
circle whose centre is O. If the 
constant distance be “a” units in 
length, we can say that the radius 
of this circle is “a”. 

(2) Again, if there are two 
fixed point A and B in the plane 
of the paper, and if P be a 
moving point which moves in 
such a way that it remains at /\ 
equal distance from these two 
fixed point, we can say that 
die locus of P is a straight line 
bisecting AB perpendicularly. In 
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other words, the locus of P is the right bisector of the line AB. 
P must lie on the right bisector of AB, as no other position of 
it will satisfy the given condition. 

{Hi) Let us take the case of a 
moving point P which moves 
so as to describe /_APB = 90°, 
where A and B are two fixed 
points. If we describe a circle 
with AB as its diameter, then P 
will be on the circumference of 
the circle so described. In other 
words, the locus of P is a circle 
whose diameter is AB, as a angle 
in a semi-circle is always a right 
angle. 

From the above illustrations it is obvious that the locus 
of a moving point is a curve which includes even a straight 
line.* 

2.2. Def. “The equation of a locus is defined as an equation 
in x and y and the constants, if any, which is satisfied by the 
co-ordinates of any and every point on the locus and by those of no 
other point.” 

To every geometrical locus, there will correspond an algeb¬ 
raic relation. Conversely, for any given algebraic relation in 
x, y there exists a geometrical locus such that every point whose 
co-ordinates satisfy the given algebraic relation lies on the locus 
and such that no other point whose co-ordinates do no satisfy 
the given algebraic relation lies on the locus. This locus is 
called the curve represented by the given algebraic relation. 

The co-ordinates of a point moving along a curve are 
railed its current co-ordinates and are generally denoted by (x, y). 

Co-ordinates of a point occupying a particular position are, on 

the other hand, denoted by (x v «/,) or (x , y ). 

* a straight line is called a st. curve. 
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2.3. How to find a locus ? 

The locus of a point is to be found out as under : — 

(i) From the given data , obtain an algebraic relation in x v ij L 
and the constants. 

(n) Replace x lf y l by x, y respectively in the said algebraic 
relation. 

(in) The relation thus obtained will be the required locus. 

Note : If a point lie? on the locus, its co ordinates must 
satisly the equation of the locus. 


Solved Examples 

Find the locus of a point which moves such that it 
is always equidistant from the points (—3, —4) and (4, 5) 

Sol. Let P (x x y x ) be any 
particular position of the moving 
point. Now under the given geo- /\ 

metrical condition, we have / ' 


PA=PB 


•••(0 


where the co-ordinates of A / ; 

and B are (—3, —4; and (4,5) / ; \ 

respectively. ^- _j-\ 

Now (i) gives A D 

b,. Jj j* by“'!4 b g*' t c 

7.r-f-9i/-8 = 0 

twic E e X it 2 s disCclXm M eXCeeds 

locus. iromy-axis by 3. Find the equation of its 
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Sol. Let P(#', y') be any particular position of the point 
P which lies on the locus. Now, 

The distance of P from rr-axis — y 
and its distance from y- axis= 2 ;' 


Under the given condition 
y' = 2x' + 3 


Which is the relation in x\ y'. 
Hence the required locus is 

y - 2x 4- 3 

(Changing x into x and y' 
A/.i A • into y) 




^x. 3. A point moves such that the sum of its distances 
from [ae, 0) and (-ae, 0) is 2 a. Prove that its locus is 

1 when 6 2 = o 2 (1 — e 2 ) 


x‘ y 2 

r +'6* “ 


a 


Sol. Let P(x p y,) be any particular position of the moving 
point, and the co ordinates of two fixed points A and B be 
(ae, 0) and ( - ae, 0) respectively. 


Then under the given geometrical condition we have 

{x v - ae)*+y? + \/(aq+ ae)-j-y 1 2 =2 a ...(t) 

Now identically 

[(a: 1 -ae) 2 +y 1 2 ]-[(a: 1 +ae) 2 +yi 2 ] = — 4aea; i 

Dividing (2) by (1) we get __ 

^/^TT_ae) 2 -by ?—= -2ex i ...{Hi) 

Adding (l)andj3) we have - 
{x^a^+y i 2 = : 2a— 2< ex x 

or y /{x^ae) 2 +y} = a-ex 1 

# 

Squaring this, we get 

tx.-aeY +2/i 2 = a * +'V- 2 ®®! 

or ^ 1 — e ») +»!*=«*( 1 — c2 ) 
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y +a'V=^) = 1 [dividing by a*(l-e*)] 

f. +Jt = 1 

a 2 + 6* 

where a 2 3 4 (l —e 2 )=6 a 
which gives the required locus. 

2.4. From the examples worked out above, it is clear that 
the locus of a moving point is an equation in x and y. Such 
an equation need not have both x and y : it may have only x 
or only y or both. Even the degrees of the equations vary ; 
these are different for different loci*. For instance, a first 
degree equation in x, and y represents a straight line, whereas 
a second degree equation may represent a circle if it satisfies 
certain conditions, and so on. Thus the equation of a straight 
line or that of a circle will be a locus, no matter whether it 
represents a straight line or a circle. The same is the case with 
other curves such as Parabola, Ellipse, or a Hyperbola. 

Thus we conclude that every geometrical curve has an equation 
and every algebraic equation represents a curve. 

Exercise 4 

1. Find the locus of a point which moves such that its 

distance from the point (1, 2) is equal to its distance from the 
axis of y. 

2. Find the equation to the locus of a point which is 

always equidistant from the points whose co-ordinates are :_ 

(») (1,0) and (0, -2). 

(ii) (2, 3) and (4, 5). 

(n't) {a+b, a—b) and (p—6, a+b). 

3. Find the locus of a point which moves so that its 

distance from the axis of x is three times its distance from the 
axis of y. 

4. A point P moves in such a way that its distance from 
the point (a, 0) is always four times its distance from the axis 

y* 


or 

or 
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5. Find the locus of a point the sum of the squares of 
whose distances from the axes is equal to 3. 

6. A and B being the fixed points [a, 0) and ( — a, 0) 
respectively, obtain the equations giving the locus of P, 
when :— 



(i) PA 3 —PB 2 =2 k 2 (a constant). 

(ii) PA-|-PB=c (a constant). 

(iii) PA=?t.PB when n is a constant. 

( iv ) PB 2 -f PG 2 = 2PA 2 where G is a point whose 
co-ordinates are (c, 0). 

f 7. Show that the locus of a point P which moves in such 
a way that its distance from the axis of.r is always one-half 
its distance from the origin is 

\ x 2 = 2>y 2 . 

v 8. ''A point moves so that it is always collinear with fhe 
points (2, 3) and (—4, 5) ; find its locus. 

, O'. A straight line of length 2 d has its ends on the co¬ 
ordinate axes. Find the equation of the locus of its middle 

point. 

[Hint : Let A and B be the ends of the st. line and 
H its mid-point. Then OM=AM=MB=d etc.] 

i A ' a point moves such that the difference of its distances 
froM the points (c, 0) and (-c, 0) is 2*. Show that its locus is 

®1_ y!_ = i 

a 1 c 2 — a 2 

1 1 P and O are two variable points on the axis of x and y 
respectively, such that OP + OQ-o ; And the locus of the foot 
of the perpendicular from the origin on PQ.. 

19 A straight line AB, of fixed length, slides between two 
nHirular lines OX and OY in such a way that the point 

perpendicular hn^^d the point ^ QY Find the locus 

of the point P which divides AB into two parts PA and PB such 
that PA = a and PB=6. 


CHAPTER III 


THE STRAIGHT LINE 


3.1. In Article 2.4 of the preceding chapter, we have 
discussed the significance of the locus of a moving point. It 
has been pointed out there that the locus of a point may 
represent a straight line, a circle, or some other geometrical 
curve. Here in the present chapter we are now concerned with 
the equation of a straight line. However, before explaining 
various forms of a straight line, we propose to show in the 
following article that an equation of the first degree in x and y 
always represents a straight line. 

# 

3.2. To prove that an eguation of the first degree in x and y 
represents a straight line. 

The most general form of such an equation is 

ax + by+c=0 % ...(1) 

where a, 6, c are constants, i.e., quantities which do not contain 

x or y and which remain the same for all points on the 
locus. 


^ [ x l> 2 / 2 ). and (.r 3 , y 3 ) be any three points on the 
locus represented by equation (1). 

Since the point (x v y,) lies on the locus, its co-ordinates 
when substituted for x and y in (1) must ratisfy it. 


Similarly, 

and 


c=0 

T by 2 -J“ c =0 

^ + ^3 + ^ = 0 


...( 2 ) 

...(3) 

...(4) 
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Using the determinant notation to eliminate a, b, c from 
(2), (3), and (4), we have 



Now (5) when expanded gives 

But in Article 1.16, we have seen that (6) is condition under 

which the three points (x„ y,), (* 2 . 2 / 2 ). and ( x s< Vsj ™ >' 
collinear (i.e., lie in a straight line). The locus must, there- 

fore, represent a straight line. 

Note : (1) A first degree equation need not contain both x 

and y ; it does represent a straight line even if it contains o y 

one of them, as will be seen later on. 

(2) An alternative proof for the above article will be given 

^ the equation to a straight line parallel to me of 

tke r a) ° r E^timZa straight line parallel to the a X is of y. 

Let AB be any straight line parallel to the axis of y cutting 
av a so that OA=a. Let G be y 
any other point on AB with (x, y) as 6 

its co-ordinates. 


Then the abscissa of C is always 
*'o” so that 

“•fn/'jn; - 
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the equation to the line which is parallel to y-axis at a distance 
*‘a” from it. 

Note : We can similarly show that 

x -f a = 0 

is the question to a straight live which is parallel to the axis of y 
al a distance " — a” from it. In this case the line AB will lie to 
the left of the o/igin 0. 

(b) Equation to a straight line parallel to the axis of x. 


Let AB be the given line parallel to the z-axis cutting OY 
in C. so that OC — b. Let D be 


any other point on AB with 
co-ordinates x and y. Then the 
ordinate of D is always “6”, so 
that 

y = b ...(2) 

This relation is true for every 
point lying on AB and not for 



any other point. Hence (2) 

represents the equation to the straight line which is parallel to the 
axis of x at a distance “6” from it. 


Note : We can likewise show that 

y+b = 0 

is the equation to a straight line which is parallel to the axis of x 
at a distance “ — 6” from it. In this case, the line AB will be 
below the origin 0. 

Cor. The equations to the x-axis and the y-axis are y—0 and 
x~0 respectively. 

3.4. Slope of a line 

Def.. The slope (or gradient) of a line is the tangent of the 
angle which the part of the line above the x-axis males with the 
positive direction of the x-axis. 
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Explanation : 

In figures (t) and (it) AB is the part of the line above the 


y 



I h (') (H) 

x-axis and OX is the positive direction of the x-axis. Let 

/_XAB = 0, then the slope of the line = tan 6 

Notation :— 

The slope of a straight line is generally denoted by “m” 

Thus 

tan 6 = m 

Note : The student is advised to understand thoroughly as 
to what is meant by “the angle which the part of the line above 



the x-axis makes with the positive direction of the x-axis.” This 
means the angle measured in the counter-clockwise direction 
from the position of the x-axis to the part of the line above the 
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a>axis. Tangents of the angles 0 lf 0 2 and 0 3 of the following 
cannot, therefore, be called slopes. 


x 



cannot be called the slope of AB as such. 

In figure (ii), 0 2 is made with OX', the —ve direction of 
the x-axis. 

In fig. (Hi), though AB is above the .r-axis, 0 3 is made with 
the — ve direction of the x-axis. 

3.5. A line through the origin 

. T° find the equation of a straight line passing through the 
origin and making a given angle 0 with the positive direction of 
the x-axis. 


Let OP be the line, so that ^XOP=0. 

Take Q(x, y) any point on OP, 
and QM perpendicular on OX. 

Now = ten 0 

or QM=OM tan 0 ...(1) 

But QM = y and OM=x 
Let tan 0 =m 
(1) gives 
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y=mx, which is the required equation. 
3.6. Intercepts on the axis 


Let a straight line AB cut the x-axis 
in A and the ?/-axis in B. Then 

(i) OA is called the intercept of the 
straight line on the x-axis. And 

( ii) OB is called the intercept of the 
straight line on the y-axis. 

The intercept on the x-axis is positive 
if measured to the right of the origin, 
and negative if measured to the left. 



The intercept on the y-axis is positive if measured above 
the origin and negative if measured below. 

3.7. Slope form of a straight line 

To find the equation of a straight line which cuts off a given 
intercept “C” on the y-axis ani is inclined at an angle 6 to the 
positive direction of the x-axis. 

Let AB be the line meeting 
the axis of x and y in A and G 
respectively, so that OG=c and 

/XAC=6. 

Take any point P(x, y) on AB, 
and draw PL perpendicular on OX 
and CM perpendicular on PL. 

No w PM = PL —LM =PL ~OC=y-c 

and CVl = OL=z 

Therefore, from the right-angled triangle CMP, 

PM _ y - c 
tan 6 = -ql " x 

which gives 

x tan 0=y— c 

t/=tan d.x+c 

or y 
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Putting tan 0=w, we have 

y=mx-|-c, which gives the equation of the line. 

Alternative Method 


Let AB be the straight line 
meeting OY in G such that 
4 /XOG=0 and OG ^c. 

Take P(x, y) any point on AB 
and draw PM perpendicular on 
OX. Through O, draw OQ, 
parallel to AB meeting PM in Q,. 
Then 


/_ MOQ,= /_ MAP=0 

(corresp./s) 




Now PM = PQ,+QM=OC-bQM ...(1) 


But 


QM 

OM 


=tan 0 


or QM=OM tan 0 

(1) gives 

PM=OC+OM tan 0 

Putting tan 0=m, we get 

y=c-fmx [••• PM=y. OM=ar, 

and OG=c] 

or y=mx+c 

which gives the required equation of the straight line. 

Note : The slope form of the equation of a straight line is 
also called the tangent form of the straight line. 


3.8. To prove that a first degree equation in z and y 
represents a straight line. (Method of Comparison). 

Proof. The most general equation of the first degree in x 
and y is 


ax\-by -f c=0 
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Case I. If 6^0, then (1) becomes 



which being of the form 
y=mx-\-c 

represents a straight line. 

Case II. If 6=0, then (1) becomes 
ax-{-c — 0 

or x= - - 

a 

which being of the form 

x=k 

represents a straight line parallel to the t/-axis at a distance 

41 -from it. 

a 

Hence ax-{-by-\-c=0 represents a st . line. 

Note : A more rigorous proof of the above theorem has 
been given in Article 3.2. 


3.9. To reduce the 
the form y—mx-\-c. 
The equation 

Transposing, 


equation ax-}-by-j-c - 0 {general form) to 

ax + by + c = 0 
by =—ax—c 


Dividing out by b, 



c 



which gives the required form. 


Note : (i) Rule to reduce the general equation of a 

straight line to the slope form. 

Solve the given equation for y (in terms of x). 

( ii) Rule to write down the slope of a line whose 
- equation is in the general form i.e, as ax-{■ byc=0 

co efficient of x 
°P e co-efficient of y 
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Example : — What is the slope of the line whose equation is 


3x-\-4y —5 = 0 ? 



coeff. of x 3 
coeff. of y ~~~ 4 

Intercept form of a straight line. 



, T° find the equation of a straight line which cuts off given 
intercepts ‘a’ and ‘ b ’ from the axis. 


Let AB be the given line 
meeting the axes in A and B, 
so that OA=a, OB-6. 

Take P(ar, y) any point on 
AB From P, draw PL perpen¬ 
dicular on OA. 

Then from the similar f^s, 
PLA and BOA 



v/' 


LP LA OA-OL 
OB ~ OA ~ OA 

But LP= y , OB=6, OA=a, OL~ x 
from (1), we get 



Which is the required form. 
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Alternative Method (to be preferred) 

Take P(x, y) any point on the line AB which meets the 

ar-axis in A and the y -axis in B, 

so that OA =a and OB = 6. 

Draw PL, PM J_s on OX 
and OY respectively. Join OP. 

Now £jBOA = £BOP 

+ APOA 

or iOB.OA=£OB.PM 

+ *OA.PL 

or \b.a = \b.x+\a.y 

or ab = bx-{ay 
Dividing out by ait, we have 

1 =JL 

a b 




_ 1 JL—l meets the z-axis in A (a, 0) 
a ' b 


which is required form. 

Note : The line 
and the w-axis in B(0, b). 

3.11. To reduce the equation ax-\-by+c—0 to the form 
x JL = 1 (Intercept form) 

"in the intercept form we notice that (i) the constant ^rm 

is unitv and the same occurs on the a 1 j 

dents of * and y occur as the denominators of * and y. 

The equation is ax-{-by-\-c= 0 

(i) Transposing, ax+by =-c 

( a ) Dividing out by - c, we get 

— c — c 
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(Hi) then 



= 1 gives the required form. 


Note: (1) Rule to reduce the general equation of a 
straight line to the intercept form. 

(1) Tra-nspose the constant term to the R.H.S., and divide 
throughout by it. 

(tt) Write the co-efficients of x and y as their denominators. 

(2) Rule to find the intercepts of a line on the axes. 

C 

(i) In the equation ax-\-by-\-c = 0, put f/=0, so that x— - 


This will give the intercept male by the line on the x-axis. 


£ 

(it) Put z=0 in the same equation, so that y = — This will 

b 

give the intercept made by the line on the y-axis. 

(3) Rule to trace the straight line by the equation 
ax-f by-f c = 0. 

( a ) (») Put the given equation in the form 



(it) From OX', cut off OA= - C —, and OT cut off 



(Hi) Join AB 

Then AB will represent the given liner' 

Example : Trace the line whose equation is 

3z-f 5y—15=0. 
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Sol. The given equation can be put as 

3x-\- f 7/= 15 

x v . 

0r -5-+^- = 1 

From OX, cutoff OA = 5 and 
from OY, cut off OB = 3. Join AB. 

Then AB will represent the given 
line. 

( b) The line ax -f- by + c = 0 can be traced even as 
follows :— 

£ 

( i ) Put y = 0, so that x — -— 

£ 

(ii) Put x=0, so that y = - 

(iii) From OX', cut off OA = - — 9 and from 01'. cut 

(L 

Off OB — C j— 

(iv) Join AB. Then AB loill represent the given line. 
Example : Trace the line 

2x-\-3y -\-12 = 0. 

Sol. Putting j/ = 0, we get x=—6, and putting .r = 0, we 
get y = — 4 from OX t cutoff 
OA= —6 and from OY' cut 
off OB = -4. 

Join AB which will represent 
the given line. 
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Note : The student is advised to understand the rule given in 
(6) above as thoroughly as possible. This is preferable to the one 
given in (a). 

^ 3^12. Perpendicular form of a straight line. 

To find the equation of a straight line in terms of the perpendi¬ 
cular let fall upon it from the origin, and the angle that this 
perpendicular makes with the axis of x. 

First Method : 


Let OP= 7 ) be the perpendi¬ 
cular from O upon AB, so that 
ZAOP= a . 

Take Q(.r, y) any point on AB 
and draw QL J_ on OX. Let 
^LOQ=:0, so that ZPOQ, = 0-«. 

Now from the right angled 
triangle POQ (rt ./_d at P), we 
have, 




OP 


— cos (0 — a) 


OQ 

or OP^OQcos (0-a) 

or OP=OQcos 0 cos a + OQsin 6 sin a 

Again, from right- /_d, ALOQ, we get 

QL 

°q; 

QL - OQ sin 0 
y~OQ sin 0 


•••(0 


sin 0 


or 

or 


or 

or 


, OL 

also oq = cos 9 


(••• QL=y) 


OL=OQcos 0 

x=OQcosQ . or __ , 

inXTof: s P , t &£■ 9 and 0< ^ Sin 9 * W 


p—x cos <x-fy sin a 
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or xcosa+y sina = p 

which gives the required form. 

Second Method : {To be preferred ) 

Let OP =p be the perpendicular from O upon AB, and cc 
be the angle which OP makes ( . 
with the x- axis. \1 


Take Q(z, y) any point on 


i.e.. 


AB. \ 

Draw QM _L OX and QNJ_ Xo 

on LM 

Now OL = OM cos a ...(1) Xo/*,v) 

LP = QN / \ 

= QM sin QMN / X/ X. 

But i Q.MN=90°- i /LMO _ / ■ * XI X > 

^ LOM = a o M 

• LP=QMsina ..-(2) 

Adding (1) and (2) we get 

OM cos a + QM sin a = OL-f LP=OP 

ip xcosa + y sina = p 

** ’ [v OM=x, QM=y, OP =p] 

which is the required form. 

From^tlue right-angled A AOP, OA= ? sec a and from the 
right-angled A POB, 

OB=^ cosec a \. 

Now p sec a and p cosec a ^ X. 

are the intercepts which the ^ \p 

line AB makes on the axis oi g 
x and y respectively. x 

Therefore, the equation of 9°^ \ 

AB in the intercept form will be --V-K 

as follows : > 0 ^ X 

_* . y _= 1 

p secaX cosec a 


0 


9»- 


■ <k 


^ $Vc (S 


(Article 3.10) 


or 
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sec a cosec a 
or xcosa-fy sina = p. 

Note : The above form of the straight line is called the 
Normal form as well. 


3.13. To reduce the equation ax + by + c = 0 to the 
form x cos a-fy sin a = p (Perpendicular form). 

In the form x cos a 4- y sin a = p, we notice that the sum of 
the squares of the co-efficients of x and y is unity and that the 
constant term on the R.H.S. i.e.^ p” is positive. Therefore, 
we will multiply the equation ax-),by-)- c= 0 throughout by a 
suitable factor, so that the X 


(co-efficient of x) 2 -f (co-efficient of y) 2 c=l. 

Let h be that factor. Therefore, on multiplying 

ax -}- by +c=0 
throughout by h, we have 

ahx+bhy+ch=0 ...( 1 ) 

Now (ah) 2 + (bh) 2 = \ 

This gives h =-L_ 

>/a*~-\-b'~ 

Thus (1) becomes (after substituting for h) 

_ b_ t c 

Vo 2 + 6 T V+ >/a 2 +6^ =0 


or 


a 


vW* ! X+ y/at+b* y Va s + 6 2 


...( 2 ) 


o Cas . e *' If c 1S Positive, then the R.H.S. of (2) is negative. 
throuvhn^ 6 / 0 '.™”^ 11 P ositive b y changing the signs in (2) 

t on the R.H.S. of the Normal 

iorm is always positive. 
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Changing the signs of (2) throughout, we get 

•_ a b c 

*Sa*-\-b 2 X \/a 2 -\-b 2 ^ \/ a*-\-b 9 

which gives the Normal form 

|Check : (co-efft. of x) 2 -\- (co-efft. of y) 2 

a 2 b 2 ) 

~a 2 -\-b 2 + + )* 

Case II. If c is negative, then the R.H.S. of (2) is positive. 
Therefore, (2) represents in itself the Normal form of the 
straight line,and we need not change the signs throughout as 
was done in Case I. 

Hence we give the following working rule for 
reducing the general equation of a straight line to the 
perpendicular (Normal) form :— 

(1) Divide throughout by 

\/ (co-efft. of x) 2 -f- (co-efft. of y) 2 

(u) Transpose the constant term to the R.H.S ., and make it 
positive {by changing the signs throughout) if necessary. 

Examples : Reduce the equations 

(1) 3-r + 4t/-15=0 (2) v 3 * —2/ + 2 = ° 

to the perpendicular form. 

Sol. (1) 3x + 4y — 15 = 0. 

Dividing throughout by v/(3T*+W, t.e., by 5, we get 

y-3=0. 

Transposing the constant term to the R.H.S. we have 

lx + $y = 3 —(0 

which gives the required form. 

(2) v 3 x — y-\-2=0. 

Dividing throughout by v/(V3) 2 +( -1 ) 2 *■«•. by 2, we have 
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or 


V3 1 . 

— ~-y=- 1. 


2 ~ 2 

Here the constant term on the R.H.S. is — ve, and we have 
to make it -f-ve. Therefore, changing the signs throughout, 
we get 


v/3 1 . 

—"2 x +2 y==l 
which gives the required form. 

Note : (1) In the transformed equation (i\ 
cos a = f, sin a = f, p = 3 

and in (i») cos a = — ^ 3 , 


-(H) 


sin a=- 


f 


nr\ 

A 


2 
= 1. 


, <?) The student is advised to carefully study Article 

3.IS # it is not as easy as Article 3.9 or Article 3.11 

Solved Examples 

Ex. 1. Find the equation of the straight line whirl, m i 

” r * 

Sol. Here m = tan 135° = - cot 45° = — 1 

and c= — 3 

** y — mx -f- c gives 

y=~x—3 

,. or u • i . *+2/+3=0 
which is the required equation. 


or 


x v 

' 4 - —=1 
a 1 a 

x-\-y = a 


•( 1 ) 
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Now (1) passes through (2, 3) 

2 + 3 —a which gives a =5. 

Hence (1) becomes 

*+y=5 J 

which is the required equation. 

Ex. 3. Find the equation of the line for which 

p =2, sin a = |. 

Sol. Here sin a = | 

cos a = v/ 1—sin 2 a=\/l 2 ! = f* 

Hence, "" x cos a +y sin a =p gives 

lx+$y= 2 

which is the required equation. 

Ex 4. Reduce the equation 3x -4y+12=0 to (0 te 
slope form (**) the intercept, and (»*) the perp 

form. 

Sol. (i) 3.r 4i/+12 = 0 

can be written as _4y = - 3z-12 

| ^ | ^ ^ 

wh i°ch gives the slope form with * as the slope and 3 as the 
intercept on the y- axis. 

3 ^_ 4 y +12=0 can be written as 

3x — 4*/= — 12 


3x fy , 

^r2-^T2 
_5 + * = 1 

-4 + 3 


(Please note this step) 


thc'interceptsoiititeaMS of™^respectively. 


—4 and 3 as 
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(Hi) 3z—4t/+J2=0. 

Dividing throughout by v/'(co-eff. *) 2 + (co-eff. y ) 2 i.e. t by 
■v/9-f-16 = 5, we get 

U-iy+\ l =o 

or | x—f 

Now the constant term on the R.H.S. is to be made -fve. 
Therefore, changing signs throughout, we get 

-f*+*2/=V 

which gives the required perpendicular form of the straight line 
with sin cc = £, cos « = -§, and p = 


Exercise 5 

Find the equation to the straight line :— 

.. l \ Gu ^ till g off an intercept equal to unity from the positive 
direction of the y axis and inclined at an angle of 45° P to the 

X-2LXIS. 

I 2 |'i 9 u “ in § off an intercept -5 from the axis of» and beine- 
' equally inclined to the axes. y oeing 


* 


Cutting off an intercept 2 from the j* 

^jof the y-axis and inclined at 30° to the x-axis. g direction 

4. Cutting off an intercept -3 from the v-axk • 

oH!5ed at an angle tan- 1 f to the axis of .r. V d m “ 

Find the equation to the straight line. 

5. Gutting off intercepts 3 and 2 from the axes. 

Gutting off intercepts -5 and 6 from the axes 

2i at K 0n -° the st - line Which P^s through 

point (o, o) and has intercepts on the axes ° 

M») equal in magnitude and both positive 
I ' IM** 1 , equal in ma S n itude but opposite in sign. 

&rough F £ d ,/^J qUati °[; °[ the strai S ht lir »e which passes 

"" fr p ° to ' bi, “ ,h? 

' vMcH" 
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K 9^Find the equation of the straight line which passes 
tnftSugh the point (— 4, 3) and is such that the portion of it 
between the axes is divided by the point in the ratio 5:3. 


• A& Find the equation of the straight line which passes 
through (1, — 1) and the sum of whose intercepts on the co¬ 
ordinate axes is 8. 

\ LF Find the equation of the straight line which a makes 
intercepts on the axes twice as long as those made by the line 

72/-6z=42 

12. What angle do the following lines with the s-axis}:— 

(i) x+y^ 1 1*'*) x—y + 7 = 0 

(wo v 3 *-2/+ 5=0 ( iv) y =i ~^3 x+s 

y =3 ( vi ) 3x -f-5=0. 

Eiifd the equations of the linear which 

p = 2, a= 60° P = a= 135° 

15 . p=2, a= 150° 16. p=2, sin a=f. 

17. Transform the following to the Normal form : 

(i) y/3x+% /-9=0 («) v/3x-t/ + 7=0 

(Hi) v 3 ^+2/+ 5==0 (™) v 3 *-y- :11=0 

18. Reduce the following equations to the slope form 

(i) 2x—3y+6 = 0 (it) x+2y—3=0 

(Hi) a: cos a +y sin a=;p. 

19 Reduce the following equations to the intercept form 
(i) 3a: — 4t/+5=0 («) 4a:=52,-20 

(in) a: cos a+y sin a=sin 2a. 

U 3a:+2/=9 <*> 

20. Trace the straight lines whose equations are : 

(i) 4*=5j/- 20 (») ^-20=5y 

(fit) 4z+5y=20 (if) 4 *+5y+20=0 
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Other Forms 

3.14. One-Point form of a Straight Line 

To find the equation of a straight line passing through a given 
point {x‘, y') and whose slope is m. 

Let the equation of the line be 

y=mx+c ...(1) 

If it'passes through (x\ y') t then 

y'^mx'+c ...(2) 

Subtracting (2) from (1), we have 

y—y'=m(x-x') 

which is the'required equation. 

Note: (1) The above form is known as Point-slope formas 
well. 

Note : r (2) The student is advised to fully understand the 
significance of the above form. This form of the straight line is 
of utmost, importance so far as the solution of questions on the 
straight line is concerned. 

3.15. Two-Point form of a Straight Line 

. find the equation of a straight line passing through two 
given paints (a?„ ?/,) and (x 2 , y 2 ). 

First Method : {To he preferred). 

The equation of any line passing through (a?,, yf) is 

y-y^mix-xf) ...(1) (Art. 3.15) 

If it passes through (x 2 , y 2 ) t then - 

y 2 -yi=m(x 2 - Xl ) 

m= y * ~ 

£C 

Substituting this value of m in (1), we have 

y ~ y,= K’ 

which is the required equation. 
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An Important Note 

The slope of a straight line passing through two points 

(*i» 2/1) and (**> y 2 ) is 

_ Yt-Yi 

X 2 -X, 

This can be geometrically proved as under : 

Let AB beast, line making angle 0 with the z-axis. Let 

P(*i, Vi) and Q(:r 2 . y 2 ) be 6 

the two points through 
which the line passes. 

Draw PL, QM perpen¬ 
diculars on OX and PN 
perpendicular on QM. 

Then Z.QPN=0 

Now PN=LM 
= OM- OL=a* 2 — x l 
and QN=QM—MN 
«=QM—PL—?/ 2 — y, 

Hence from the right-angled triangle QPN, 

_ QN __ y 2 -yi 



we have m = tan 9= 


PN 


X 2 -Xj 


Second Method : 

Let the equation of the line be 
y=mx -f c 

Since it passes through (x v y x ) and {x 2 , y 2 ) we ,iave 

y^mxy+c 

SubtractingTsTfrom (D, and ,3) from (3), we obtain 

y—y 1 = m(X X x ) 

and y 2 -y x =rn{ x 2 - x ^ 

Dividing (4) by (5), we get 

y —Vi _ x ~ x \ 

Ih—yi x 2 " Xl 


...(i) 

...( 2 ) 

...( 3 ) 

...(4) 

...(5) 
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or y-yi= (*-*.) 

X 2 *1 

which is'the required form. 


Third Method : (Independent one) 

Let P(x, y) be any any other point on the line AB where 
the co-ordinates of A and 
B are (x,, t/ x ) and (x 2 , y 2 ) 
respectively. 

Draw AL, BM and PN 
perpendiculars on OX (.and 
AQ_ perpendicular on PN 
meeting >BM in R. Now 
by parallels 

QP = QA 
RB AR 



or 

II 

£ 

1 

£ 

LN 

MB-MR 

LM 


PN-AL , 

ON-OL 

or 

MB - AL ; J — 

DM - OL 

i.e. 

y-y i 

X~Xi 

II 

(£ 

1 

a 

*2-*l 

or 

y-yi = 

(X 

X, - x. 


which is the required form. 

3.16. Other Tests'for the collinearity’of three points. 

We have already discussed one test’ for the collmearity of 
three pomts m Arttcle lje. That test may be called the area 
test. We will discuss now two more tests which may be called 
the “Straight Line Test” and the “Slope-Test” 

(a) The Straight Line Test : 

To show that the three points (s lf y x ) (x 2 , y 2 ) and (x 3 , y«) are 
collmear, we will first find the equation of the line passing 
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through any two of these three points. After obtaining the 
equation of the line like this, we will substitute the co-ordinates 
of the third point in this equation. If this point satisfies the 
equation, we can say that the three points are collinear (lie in a 
straight line). This method is illustrated below :— 

Show that the three points (2, 3), (—4, 6) and 
(\2, —2) are collinear. 

Sol. Equation of the line passing through (2, 3) and 
(—4, 6) is given by 

3f-3-~?2 (*-*> 



[Article 3.15] 


or 


or 


*- 3 = _6 < x ~ 2) 


y -3-4(a=-2) 

which gives x-J-2y=8. •••(!) 

Now it is easy for us to check that the third point (12, —2) 
satisfies (1). Hence the three points are collinear. 

(b) The Slope-Test 

To show that the three points P(^i> 2/t)> Q{ x 2 > 2fe)» anc * 
R(a? 3f 2 / 3 ) are collin ear , we will first 
find the slope of the line passing 
through any two of these points. Let 
us do so in the case of PR. Having 
done this, we will find the slope of 
the line passing through the 3rd point 
and anyone of the points already 
taken with PR. Let us do so for QR. 

If we find that these slopes are one 
and the same, we can say that the 
three points are collinear. 

This test is illustrated below : 
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Ex. Show that the points (2, 3), ( — 4, 6), and (12, —2) 
are collinear. 



Slope of the line PR is given 
IM S/ 2-yi -2-3 

*2"*i “12-2 



1 




Also, slope of the line' QR is given 
by 



y 2 —y i 6—3 3_£ 

“- 4-2 -6 “ 2 


From (1) and (2) we see that 

m=ra'. 

Hence the three points are collinear. 



(v slope cannot be equal unless the three points lie in one 
and the same line). 


3.17. Distance form of a straight line. 

To obtain the equation of a straight line (passing through a 

given point (a;,, y t ) and making a given angle 0 with the x-axis) 
in the form 


cos 0 sin 0 


*r——— 


when r is the distance of any point (x, y) from the point (s„ yj. 


Let AB be the s t. line passing through the given point 
Sh» and making an angler'XQP a T ’ 

°ther point onlhelineso that PQ^ry 


X 


o 




// B°OK \ 

1 x*. f Act No.LjL.1jL. 


s 


■u 
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Draw PL, QM perpendiculars on OX and QN perpendicular 
on PL. Then </PQN = 0. 



Now from the right-angled A PQN, 

QN ML OL-OM 

- QP 1 


cor 0 = 


x-x x 


QP ”QP 


which gives 


x—x 


cos 0 




4 n PN PL-NL PL - QM 

Again, sin 0 = Qp-=—Qp—= qp 


. y -y, 

which gives 


r 


sin 0 

Hence from (1) and (2), we obtain 


x— y-Yi 

cos 6 sin 0 


= r 


which is the required equation. 

Cor. The co-ordinates of any point on 


x-x 


_ jy-jy i 

cos 0 sin 6 


= r 


are given by 


y~Vi 


x=x x -\-r cos 9, y=y x -\-r sin 9 
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3.18. Parameter and Parametric Co-ordinates of any 
point. 

Def. A variable, in terms of which the co-ordinate of any 
point are expressed, is called a Parameter and the co-ordinates 
are called the Parametric Co-ordinates . 

Thus (x l + r cos 0, Vt + r sin 0) are the parametric co-ordi- 
nates of any point on the line 

s-ttt _ y-y i _ r 

cos d sin 0 

and r is the parameter. 

Note : (1) 

x=x l -\-r cos 0, y=y l +r sin 0 
are also called the parametric (or the freedom) equations o t e 
st. line 


s-*i _ y-yx =r 

cos 0 sin 0 

(2) The advantage of the parametric co-ordinates (#i + r cos 0 r 
r sin 0) is that it enables us to find the length “r” of the 
line from the point (x,. y t ) to the point where another line 
meets the given line. This is iUswtrated below :— 

Sx. A st. line making an angle of 45° with the a;-axis passes 
iigh P(2, 3). Determine the length intercepted on it be¬ 
tween the point P and the line x+y+\=0. 
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, =o Let ,, A ^, be the . 1; ne passing through P(2, 3) and making 
vith % the rs-axis. Therefore, its equation is given by 

s-2 _ y—3 
cos 45° sin 45° ” r 

A‘ S ‘ he u di ^ e . on the line measured from P to the 
point Q, in which AB is cut by x-\-y-\- 1 =0. 

Now, co-ordinates of any point on AB are given by 
(2 + r cos 45°, 3+r sin 45°), i.e. t 


( 2+ V2 ’ 3+ v 2 )• 


v ' y /2 v 2 r 

Let these be the co-ordinates of Q 
from x-\-y -\-1 =0, we get 


( 2+ vr)+( 3+ vf ) + 1=0 


or 


V2 


= — 6 or r=—3y/2 


Changing the — ve sign, we get 

r= 3v/2 which is the required length in magnitude 


Solved Examples 

Ex. 1. Find the equation of the line which passes through 
(4, 12) and which makes angle tan -1 3 with the a>axis. 

Sol. The equation of a line passing through ( x v yj and 
having slope m is given by 

y—y x =m{x-x x ) ...(1) 

Here x x =4 and y x = 12 

Also m = tan 6 = 3 [*.* 0=tan _1 3] 

Hence from (1) we get 
y- 12 = 3(z- 4) 
or y=3x. 

Ex. 2. Obtain the equation of a st. line passing through 
(2, 3) and (4, 5). 
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Sol. Here x x =2, */, = 3 ; x 2 =4, y 2 =5 

from y- yi =^^ ( X — Xl ) t we get 


x 2 —x 1 ' ° 

y- 3 = ^ 5 2 3 (*— 2 ) 

or a;—t/-J-1 =0 

which is the required equation. 

Ex. 3. Show that the points (a, 0), {0, 6) and '3a, -2b) lie 
c n a straight line. ' 

(0, 1)1 given b ^ ^ ^ PMSing thr ° Ugh { °> 0) and 

2 /-°= 4—? (a:—a) 


* 0—a 

6«4-ay^a6 




the?We°nn’ y ; r e thir u p° int (3a, -26) satisfies (1). Hence 
thyhree pomtt he on the straight line whose equation is given 

triangle.^ ' ^ a ‘ S ° thc eqUation ° f the medians 'of «h"s 


-h‘-2) et angU ' ar P ° intS be A (°- J). B(2, 0) and 


the equation of AB is 

y ~ 1 = 2~0 (*-°) 
or s-f2t/=2 

Similarly, the equations 
ot the other two sides are 
2z—3t/=4 and y—?>x—\ 

(it) Now the co-ordinates 
?* the m iddle point of BG 
Hence the equation 
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of the median AD when (the co-ordinates of A are (0, 1) and 
that of D are (i -1) is given by 

(*-o) 

or y — 1=—4(x— 0) 

or 4x+i/=l. 

The equations of the other two medians can be found in a 
similar manner, which is left as an exercise for the student. 

Exercise 6 

fT Find the equation of the line through the point (4, 12) 
which p*akes an angle tan” 1 3 with the z-axis. 

Find the equation of a st. line passing through (2, -1) 
and has a slope —2. 

3. Find the equation of a line through ( —1» 1) whie 

•eciuallv inclined to the axes. , - , , 

4. ' Obtain the equation of a st. line which passes through 
( 0, 0) and is inclined at an angle of (») 45 (*») 50 wim 

ic-axi^ 

< Find the equation of a st. line which makes an angle o 
90°+ x with the ^axis and which passes through the point 

(p cos a, p sin a). 

Jt , S 'Z SK 

(0, —2) passes through the point 

’ 7 Find the equation of the line passing through 
,i) (- 1 , 2) and (2, -1) (»> (0, 0) and (2. -8) 

(Hi) (3, 4). and (5. 6) («'M ‘.a; 

(u) [at*. 2at,) and (o« 2 a , 2 of 2 ) 

(vi) («*i. -JO and (°' 2 V) 

(vii) (a cos a. a sin a) and (a cos p, « sin J) 

:J) (a cos a, 6 sin a) and (a cos p, 5 sm p) 
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(ix) (a sec a, 6 tan a) and (a sec (3, b tan (3) 

(a;) (a, b) and ( a-\-b , a — b) 

8. Show that the following sets of points are collinear : — 

(i) (a ,0), (0,6), (3a, -26) 

(») (2, 3), (-4, 6), (12, -2) 

(in.) (3a, 0), (0, 36), (a, 26). 

9. Find the equations of (i) the sides (ii) the medians of a 
triangle whose angular points are (2, 4), (-4, 1) and (2, -3). 

10. In what ratio is the line joining the points (1,2) divided 
by the line joining the points (2, 3) and (4, 1) ? 

U. Find the equations of the diagonals of the parallelogram 
the'equations of whose sides are : ° 


x=a, x=b, y=c and y=d 

Improve that the line y-x-\- 2=0 cuts the line joining 
(0, — 1) and ( p , 9) in the ratio 2:3. 

^H^Find the co-ordinates of a point which is 2 v 2 units 
from the point (3, 4) and lies on a straight line passing through 

Q 

this point and is inclined at an angle of ” to the ar-axis. (P.U.) 

■\JV-Ffnd the distance of the point (2, 3) from the line 

; , , 4 ‘ , me . asurec l along a line which makes an angle of 
45 with the a>axis. 

15. Find the equation of the line through the point At? 31 
inclined at an anqle of 30= to the * axis. Determine the length 
intercepted on ,t between the point A and Ike line 2*+3i, + 4=0 

thrn,wlfm d th • d ‘^ Ct i° n in which a st. line must be drawn 

throu 0 h the point (1, 2) so that its point of intersection with 
X+y = 4 ma >’ **= at a distance i-v/6 from this point. 


f 


i 



CHAPTER IV 

ANGLE BETWEEN TWO STRAIGHT LINES 

4.1. '(a) To find the angle between the two straight lines 

y=m 1 x+c l and y=m 2 z+c 2 , 


Let AB, CD be the lines 
y=m l x-\-c l and y=m 2 x-> r c 2 
making angles and 0 2 with 
the x-axis respectively, so that 
tan 0 1 =w 1 and tan Q 2 — m 2 . 

Let 0 be the angle between 
these lines so that 

0 = 0 l _0 2 

(... O 1= O 2 + 0) 
tan 0 = tan [d l —Q 2 ) 

tan 0 t — tan 0 2 
— 14 - tan 0j tan 0 2 



or 


tan 0 = 


m l — m 2 

1 4-77i 1 m 2 


0 =tan 


-l 


which gives the required angle. 

Note : If tan 6 — gives a positive result, then tan 0 

J 1 mpn 2 

is the tangent of the acute angle between the lines y = m i x+c l 


and y = m 2 x 4- c 2 ; and if tan 6-^***• 

result, then tan 9 is the tangent of the obtuse angle 
lines. 


a negative 

between these 
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(b) To find the angle between the two straight lines 

a x x-\-bfl+c^O and + 6,t/+c 2 «= 0. 

Let m l and m 2 be the slopes of these two lines. 

• on 1 a 2 

.. = and m 2 —“ir*. 

°i o 2 

Hence from the formula 


tan 


1 J rm l m 2 i 


we get 


# 


tan 0 = 


which gives 


_ a i , _ a 2_ 

6, + \ 

1 + -?xf 


Q' t h x —a l b 2 

+ V7 


0 =tan > 

*1*2 +bjb 2 * 

Note : Failure of the angle-formula 


tan 0= 


m i ~m 2 
1 -f-m J w? 2 * 


*=<* because the™ope of'luch a^in^ >/ S ? f v® form 

W ® make use of the second form of the angl^fm mula f.e 


tan. 0 = a A^zf*A 

a i 0.+6A • 

4.2. Condition of parallelism 

(a) Condition under which the lines 
t/—Cj can 5 e parallel . 




antf 
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The two lines will be parallel if the angles at which these 
are inclined to the z-axis are equal. 

Let these angles be 0j and 0 2 . 

Then 

0 t = ^2 

or tan 0j = tan 0 2 

mr®! 

[v tan ^ l =m l etc.] 

Hence the two st. lines 

and y=m^v+c 2 will be parallel if their slopes are 

equal. 

This can be proved even as under 

The two straight lines will be parallel if they do not meet , 
• 0 = 0. Thus in such a case tan 0 = 0 

which gives 

™ i— m 2 _0 

or m 1 =m 2 . 

(b) Condition under which the lines 

a l x-\-b l y-\-c l =0 and ap:+b 2 y + c 2 =0 

can be parallel. 


Here 


a. , a z 

and 


Now the lines will be parallel if 

wij= m 2 


(already proved) 


X • j 


which gives 


a \ 

a 

’ °1 

= ~ b 

ai 

b, 

a 2 

- b 2 


2 

2 


as Une varallel 10 the aiven line 

ax-\-l>y+c=0. 
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Slope of the given line= — y 

Equation of the required line is 

a 

b x+k 

where k is a constant. This when simplified gives 

ax-\-by-\-d=0 where d=—bk 

Hence we (jive the following rule to write down the equation of 
any line 'parallel to a given line (whose equation is given in the 
general form). 

In the equation of the given line, change only the 
constant to some other constant which can be found 
from the second condition. 

Illustration : Find the equation of the straight line 
parallel to 2x < 5?/+ 2 = 0 and passing through the point (1, 1). 

Sol. 2a:-j-5y+fc=0 will be parallel to the line 

2a:+5y+2=0 

Now 2.r + 5*/-f fc = 0 passes through (1, !)• 

2x l + 5x 1-f fc=0 
or k— — 7. 

Hence the equation of the required line is 

2x-\-5y— 7=0 

4.3. Condition of Perpendicularity 

(a) To find the condition under which the two lines y=m x4-c 
and = 771 ^ 0 ;-fc 2 can be 'perpendicular to each other. 1 1 
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Let'AB, CD be the lines 

y=m l x-\-c l and 

y — m^x -f c 2 and 

0,' and 0 2 be the angles at 
which these are inclined to 
the z-axis, so that tan 0 1 = m 1 
and tan 0 2 = rw 2 . 

Now the two lines will 
be peipendicular 



7r 


if 6i=e 2 +- 0 - 


or tan 0!«=tan^0 2 -}--J-^ = cot 0. 


or tan 6^ — 


1 


tan 9. 


1 


or — 

which gives 


m 2 

i n*2 = — 1 

Hence the two st. lines will be perpendicular if the 
product of their slopes is equal to —1. 

This can be proved even as under :— 

The two lines will be perpendicular if 0=90, i.e., if cot 0 = 0 

Thus from the formula 

1 -\-m x m 2 


cot 0= 


we get 


0 = 


m 1 — m 2 


1 -\-m x m 2 


m 1 — m 2 

This gives 

m x m 2 -\-1 =0 

or m 1 m 2 == ~ i 
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(6) Condition under which the two lines a l x-\-b 1 y-\rC l 
b^y~\-c 2 —0 can he perpendicular. 

Let m l and m 2 be the slopes of these lines. Then 

m, =— r*- and m 2 ——~ 

b i °2 

Now in order that the lines may be perpendicular 

m l m 2 = — 1 


= 0 and 


• • 




or 


a 


i a 2 _ _ , 

b x * b 2 ~ 


or a l a 2 -fb,b 2 =0 

which gives the required condition. 

Cor. Equation of a straight line perpendicular to the given 
line ax-\-by-\-c~Q 

Slope of the given line = — 

b 

Let m be the slope of the required line. 


m 


(-f)~ 


1 


(*.* m l w? 2 = — 1) 


This gives m— 


a 


the equation of the required line is 


»-«*+ c 


...( 1 ) 


on simplification (l) can be written as 

bx-ay+k=0 where fc= ac 

S ° llouAng rule <° w rite down the equation oi 

the general foZ) “ Kb * {wkose e * uatio " is 9 iven * 
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In the equation of the given line (i) interchange the 
co efficients of x andy(ii) change the sign of one of 
them and (Hi) change the constant term to a new 
constant k, which can be found from the second condi¬ 
tion. 


Illustration : Find the equation of a straight line through 
the given point (4, 5) and perpendicular to the line 

3z-2*/ + 5 = 0 

The equation of any line perpendicular to the given line is 

2x-\-3y-\-k=z0 •••(!) 

Now (1) passes through (4, 5) 

2 X 4+3 X 5+*=0 

which gives £ = — 23 


Hence (1) becomes 

2.r 4-3?/—23 = 0. 

which is the required line. 

4 4 To find the equation of a straight line passing 
through the point (x p y,) and (i) parallel (ii) perpendi¬ 
cular to the given line ax-j-by f c-0. 


The equation of any st. line passing through the point 

lx ,, vd and having slope m is 

y—y 1 =^m(x-x l ) •••(!) (Art. 3.14) 

(a) Now if (1) is parallel to the given line, 


a 


m= — 


( mi =m 2 ) 


... in such a case (1) becomes 

v—y i — \r( x— 


...(A) 


(b) Again, if (1) is perpendicular to the given line, then 

6 _ 


yn = 


a 
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in such a case it becomes 

y—yi=-^-(X-Xi) •••(B) 

Note : The student is advised to commit the results (A) and 
( B) to memory. These are of great importance and are preferable 
to the rules given in the corollaries of Articles 4.2 and 4.3. 

4.5. Determination of a straight line 

Let a.v+by-\-c=0 be the equation of a straight line. This 
can be put as 



Equation (1) shows that only two constants appear in the 

equation of a straight line. These are —?-and — and can 

o b 

be determined from any two given conditions. These condi¬ 
tions can be different for different questions. Hence, any two 
given oonditions are sufficient for us to find the equation of a 
straight line. This has been illustrated below by means of 
some solved examples. 


Solved Examples 

Ex. (1) Find the equation of a straight line through the 
point (3, 4) and parallel to the line 2x + 5y-f 7 = 0 

Sol. 

First Method : ( K-method) ( - 

The given line and the required line being parallel must 

have their slopes equal. Therefore, the equation of the required 
line can be put as 

2x+5y+fc=0 ...( 1 ) (Cor. of Art. 4.2) 

Now (1) passes through (3, 4) 

2x3+5x4+fc=0 

fc=-26 


or 
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Hence (1) gives 

2x+5y<=26 

which gives the required equation. 

Second Method : (< Slope-method) 

Let y=mx-\-c...(\) be the equation of the reqlired line. 

This is parallel to the line 


2x-\-by + 7—Q 


m— — 


Thus (1) becomes 


y= —e-*+c 


...( 2 ) 


Also, this passes through (3, 4) 


• I 


4=-c“*3-fc which gives 


26 


c = 


Hence (2) becomes 


2 26 
y - 5~ X + 5 


or 

Third Method : 

The equation of a 
(3, 4) is given by 


2x+5y — 26 

(One-point form method to be preferred ) 
straight line passing through the point 

y -4 = m{x-3) —W 


where m is its slope. Now that (D is parallel to the given 
line, we have 
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Hence it becomes 


y -4--§-(*-3) 

or 2x+5t/=26 

Ex. 2. Find the equation of a straight line passing through 
(2, —3) and perpendicular to the given line 

2s+3 2 ,+ l=0 

Sol. 1st Method : ( k-method) 

The equation of the required line can be put as 

3x-2y+fc = 0 


Now (1) passes through (2, —3) 

3x2-2x—3+&=0 

or &=— 1^ 

Hence (1) gives 

3x-2t/-12=0 

which is the equation of the required line. 

Second Method : (Slope method) 

Let the equation of the required line be 

y = mx-\-c 

Now the slope of the given line= — J 

the slope of the required line, t.e., m * J 


...( 1 ) 
(Cor/of Art. 4.3)i 




fv m x =-— } 

v W* * 


Thus (1) becomes 

t/=|a;+c 

Again (2) passes through (2, —3) 

•*. — 3 = |x 24 c or c=—6 

Hence (2) becomes 

y=\x-6 

or 3s—2y—12=0 
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Third Method : ( One-point form method to be preferred) 

The equation of a straight line passing through the point 
i(2, —3) is of the form 


y+3=m{x—2) 


...( 1 ) 


when m is its slope. Now that the required line is perpendi¬ 
cular to the given line, we have 


m =f 


Hence (1) becomes 

y +3 = S(*-2) 

or 3x—2y —12 = 0 

Ex. 3. Given the triangle A(10, 4), B( 
find the equation of the altitude through A. 

Sol. Let AL be the required altitude, 
line through (10, 4) and perpen¬ 
dicular to the side BC. Now 
the slope of the line BC is given 

By 

. ViZlb- _ — ] = - 5 = m' 
x., — x x — 2 -f- 4 

the slope of AL = £ —m 


(••■ sr) 


-4, 9), C(—2, -1). 


This is a straight 
A 0° 4) 


(••• m= -i) 





Hence the equation of the altitude is 

y _4=i(a:-10) — [y—yi -= «»(*—**) 

or x—^y 4-10=0 

2x- 5 y + 7%0 % ^ 


VqSL 
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Sol. The equation of a st. line passing through the point 
(1, — 1 ) is of the form 

1) .-(I) [y-y^rnix-XiU 

where m is its slope. 

Now the slope of the given line = | 

2m (••• tan8 = ±- r p^J 


tan 45“= ± 


or 


1 + 


1 = ± 


bin— 2 


m = l, — f 


5 +2m 

This gives 
Substituting m = | in (1), we get 

2/4“ ^ = l( a: 

or lx —3?/ =10 

Also, substituting m — — f in (l) we get 

2/+1 = — 7 A ) 

or 3^4-72/4-4=0 

Hence 7x—3y -10 

and 3a:4-7y4-4-0 

are the equations of the required line. 

Ex. 5. Show that the straight lines 3x-\-2y-\-8 = 0 and 
2a; — 3y + 1=0 are perpendicular to each other. 


Sol. First Method : 

Let m l and m 2 be the slopes of these two lines. 

?«!= — f and m 2 =f 
Now m,m 2 =—|x| = —1 
Hence the two lines are perpendicular. 

Second method : 

From the equation of the first line 
cq=3, &j=2, and 
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from the equation of the second line 
a 2 =2, & 2 = — 3 

a 1 a 2 -f&A = 3x2+2x-3=0 [Ait. 4.3 (6)] 

Hence the two lines are at right angles to each other. 

Ex. 6. Show that the st. lines 

3x -f 5y -f l = 0 and 

6:e-f 10</-f-8=0 are parallel. 

Sol. First Method : 

Let wi, and m 2 be the slopes of these two lines 
= —fand m 2 =—‘^= — l 
This gives m l =m 2 

Hence the two lines are parallel 


Second Method : 

From the equation of the first line 
a 1 = 3, b l = 5, and 
from the equation of the second line 
a 2 = 6, 6 2 =10 



Hence the two lines are parallel 

£1_A_ 

a 2 b 2 2 / 

Exercise 7 



Find the angle between the following pairs of lines : 

^ 1. z-7/v/ 3 = 5 and \/3x+y=T. 

/ * * 

s^2. 


x 


—4y = 3 and 6x—y=M. 
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3x 4-7 and 3y—x = 8. 

4. Find the tangent of the angle between the lines whose 
intercepts on the axes are a, — b and b, —a respectively. 

5. Prove that the line joining (1, 2) and (2, —2) is 
a perpendicular to the line joining (8, 2) and (4, 1). 

Find the equation of the perpendicular bisector of the 
line joining (| f 1) and (2, 3). 

the equation of the straight line 

7. passing through (2, 3) parallel to 3x —4y-f 5=0. ^ 

8. passing through (4, 5) parallel to 2x— 3y— 5=0. 

9. passing through ( x\ y') parallel to A^-f Br/-fG=0.' 

Fipd the equation of the straight line v 

10. Passing through the point (2, 3) perpendicular to the 

line 4x — 3y = 10. . ^ 



N 


M 






11 .Passing through the point (—6, 10) and perpendicular 
to the line lx-\- 8t/=5. ^ 

assing through the point (2, —3) and perpendicular 
hejpining the points (5, 7) and (—6, 3). 

13> Passing through the point (-4, —3) and perpendicular 
1 ^ line joining (1, 3) and (2, 7). 

f Find the equation of the straight line which bisects the 
ining the points {a, b) and (a', 6') perpendicularly. 

• 

Find the equation of the right bisector of the line 
(-3, 5) and (2, 1). 




S 

f 


6. Find the equations of the three altitudes of a triangle 
ose angular points are (1, 2), (-1, -3), and (5, -1). 

17*^fnd the equations of two lines through the point (4 5 ) 
make an angle 45° with the line 2x— y+7=0. ' 



/ 
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Find the equations of the two lines which pass through 
and are inclined at 60° to the line 

. . aV3+y=»l. 

A * 19. Show that the equation of the line passing through 
[he origin and making an angle 0 with the line 


/ ^ . y m -j tan 0 

SsS y=mx-\-c is — =. — —r~a 

yy J x\ —m tan 0 


(. P.U . 19-51) 


Show that the equation of the line through (h, k) 
which makes angle a with y-mx-\-c is 

V m Ifon n 


-k = 


m-f-tan a 
1 —771 tan a 


[x — h). 


CHAPTER V 

INTERSECTION OF STRAIGHT LINES 


5.1. The co-ordinates of the points of intersection of tiro 
straight lines (or any two curves) satisfy the equations of both the 
straight lines (or the curves). 

This is so because such a point lies on botli the lines (or 
curves). 

Hence we give the following general rule for finding the points 
of intersection of two curves (or straight lines) whose equations 
are given :— 

Solve the two equations simultaneously the same 
way as we do in Algebra. The corresponding values 
of x and y will give the co-ordinates of the required 
point (or points) of intersection. 

5.2. To find the co-ordinates of the point of intersection of 
two given straight lines whose equations are 

ai^+^i2/ + c, = 0 and 
a 2 X + ^/ + C 2 = 0. 

Solving these two equations simultaneously by cross¬ 
multiplication, we get 


x __ y _ l 

b 1 c 2 —b 2 c l c l a 2 —c 2 a l ~ a 1 b 2 —a 2 b l 
These give x — ^ C L 
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Hence 


f ^l C 2 ~ ^2 C 1 

la.h,- a h. 


c a 2 —c 2 a 


V ai b 2 -a 2 bi * a A b 2 - a 2 bj J 
ds the required point of intersection. 

Cor. If the two lines are parallel, then 

= A [Article 4.2 (6)] 

a 2 o 2 

or a l b 2 — a 2 b l = 0. 

In such a case the co-ordinates of the point of intersection 
•are (oo, oo). 

Hence we can say that two parallel lines meet at infinity. 


[Article 4.2 (6)] 


5 3. Concurrence of three lines 

The lines will be concurrent if the point of intersection of any 
two of them lies on the third, i.e ., if the co-ordinates of the point 
of intersection of two of them satisfy the equation of the third line 

as well. 

Hence we give the following rule to prove that three given lines 

are concurrent , (i.e., meet in a point). 

(i) Solve the equations of two of the lines simul¬ 
taneously for x and y to get the co-ordinates of their 

point of intersection. 

(it) Substitute these co ordinates in the equation of 
the third line. 

(Hi) If this equation is satisfied by these co-ordinate , 
the three lines are concurrent. 

5.4. To find the condition that the three straight lines 

a,z f-iqy+c^O, a 2 x+b 2 y+c,= 0, a^+b,y+c 3 =0 
may meet in a point. 

Solving the first two equations simultaneously as in Arti le 
5.2, we get 

bfr-bf , C| ?— C, ? ~ 

x afb 2 — a2^i * a l b 2 —a 2 b l 
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Now if the three lines are concurrent then 


/ 6 A c 2 —& 2 c i ^ 

\ 2 “ q 2 6 a 


^1^2 ~ ®2^1' 


must satisfy the third equation. 


t.e., 



^1^2 — ^2^1 
(l ft 2&i 



-f C 3 — 0 


which gives 

»3( b lC2 - b -Cl) + b 3 ( C i a 2 — C 2 a l) + C 3 ( a i b 2 “ ^l) = 0 

as the required condition 

Alternative Method :— 

Let (aij, y t ) be the point through which all the three lines 
pass. 

Th en a l x l -\-b l y l -\-c l =0 ...(1) 

Vi+V/i+c 2 =0 ...(2) 

< hf c i + ^Vi + c 3 =0 ...(3) 

Eliminating'*:^, t/ A from (1) (2) and (3), we get 


a 1 

6i 

Cl 

Q-2 

L 

Ca 

a-3 

•^5 

C3 



which gives the required condition 
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5.5. Special Test for the concurrence of three lines 

If three non-zero constants l, m, n can he found such that 

Z(a,a;+ h y y + c,) + m(a&+b 2 y + c 2 ) +n(a 3 x+b$ +c 3 )=0 
identically, then the three lines 

a l x-\-h 1 y-\-c 1 = 0, a 2 x-\-b 2 y-\-c 2 — 0, ajc + b 3 y + c 3 = 0 
are concurrent. 

Let us suppose that some point {x v yf) lies on the first two 
lines, then 

ai^i+&i2/i+ c i=° 

and a^c l -\-b^f l -\-c 2 =^ 

.*. from 

l{a l x l -f- 6,2/, + c,)+ m(a 2 x l + b 2 y 1 + c 2 ) + k*2/i + c 3 ) — 0 

we get 

J(0) -f m(0) +n(a 3 x l -f b 3 y v + c 3 ) =0 

or n{a^c i -\-b 3 y l -\-cf) — 0 


Now W 96 O 

o 3 a; + 6 3 2 / 1 +c 3 =0 
which shows that the third line 

a&+b 3 y+c 9 =0 

also passes through {x v y x ). 

Hence the three straight lines are concurrent. 

Note : The above test is called the l, m, n test and should 
not be applied in the case of the equations of straight lines 
which have numercial co-efficients. In all such case t 
method explained in Article 5.4 should be applied. That will 
enable the student to find the co-ordinates of the pomt.of con- 

currence also. 

Cor. An important particular case 

The three straight lines whose equations are 

0l *+6,y-t-Ci=°. a z x + b tl /+ c 2 = °> a &+ b > y+«-° 

Obviously, l=m=n = \ in this case. 
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Example. Prove that the altitudes of a triangle are con¬ 
current. 

Let A(x lt 2 /,), B(.r 2 , y 2 ) and C(a* 3 , y 3 ) be the vertices of the 


triangle. Now the slope 

of bg = y^r y * 

the slope of AD, 
the perpendicular from A 

on BG —~ 2 

Vz 2/2 




- ( m i =- 


. the equation of AD B 

IS 




2/ — y, = — * r3 -*2, . 

ft-*/ ••• [••• y-?/^ = (.f-.r J )] 

or ^ 2 - a;3 ) + yte _ J/3) _ Xi( ^_ a;j) _^_^ )=o _ (j) 

G on AB^re':- 6 eqUati ° nS ° f the J- s from B °n CA, and from 

and 7r~ Xl \V y[y ' ...(2) 

•(t a -t ) +^.-t/ a )-* a (a: 1 -a- a )-y3(., 1 _y 2 ) = o ...(3) 

ding the L.H.S. s of (1), (2), (3) vertically, we get 

’ r (0) + y(0) -|-z(0)=0 

Her^e the altitudes meet in a point. 

^cf! Orthocentrp • . * 

Of a triangle is ca„e d 'hi ortCZre ^ 

intersection of the two sTraighTlinL^ StraigU Hne "‘rough the 


a i x-^-b 1 y-\-c l - 0 and a.pc -}- b 2 u -f c 9 — 0 
Let us consider the following equation 

c 1 +/.-(u 2 r + 6 2y+ c 2 ) == o 


...( 1 ) 
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Now (1) is an equation of first degree in x and y. Therefore, 
it represents a straight line. ...(Art. 3.2) 

Again, let (x lt y x ) be the point of intersect’on of the two 
straight lines represented by the equations 

a x x -\-b 1 y-\-c l =0 and a 2 x -f b 2 y + c 2 = 0 

+ and a 2 x l + b 2 y 1 +c 2 = 0 

Now if (a?,, y x ) lies on the straight line represented by (1), 

then the L.H.S. of (I), i.e., 

a,x , + b,y, 4 c, 4 k(a^c t 4 b 2 y t 4 c,) • • -(2) 

must vanish identically. This is obviously so because 

expressions 

a l x l -rb 1 y l -\ c x and a%c y + b 2 y 1 + c 2 

vanish separately as ( x v y x ) lies on 

a^-f 6,f/4-Ci = 0 and a 2 x + b 2 y+c 2 = 0 

Hence expression (2) becomes 

(0)-f k(0) i.e., 0. 

This show's that the point (x ft y x ) also 1 ies on the straight line 
represented by A 

a l x\b x y + c l + k[a 2 x-\-bfl+c 2 ) = U 

which, therefore, represents the straight line passing throng >. 
the intersection of the two straight lines represented by 

+ and a^ + brf + c 2 = 0. 

Note * This method is called the &-method, and, if applied, 

enables the student to save a lot of time in solving numerical 

questions. The value of k can be found from the second 
condition satisfied by the line. 

Solved Examples 

Ex. 1. Prove that the lines 

4x4-7)/ —9 = 0, 5x—8y+]5 -0, and 
9 £_t/4-6 = 0 are concurrent. 

Sol Solving the first two equations simultaneously, we get 

33 , 105 

*“—67" and V ~ 67 
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This obviously satisfies the third equation. Hence the three 
lines are concurrent and is the point of con¬ 


currence. 



. 2. Find the area of the triangle the equations of whose 
sides are 

y = Cj, y = m 2 x + c 2 , and x=0 
Sol. The sides are :— 

ar = 0 

y=m 1 x + c 1 
y=m 2 x + c 2 

Intersection of (1) and (2) is (0, c,) - 

Let us call this point A 
Intersection of (2) and (3) is 


...(!> 

...( 2 ) 

...(3) 


( Jl - C 2 
v m 2 - m l 


WljC2 


m, 


—m,c 2 \ 
~m l ) 


c. 


Gall this point B. 

Also, intersection of (1) and (3) is (0, c 2 ) 

Let this point be C. 

Hence the area of the triangle ABC is 
±r Q W-m,c, x Cl -c a 

Z *- ' m i -m l C * ;+7« 2 -m 1 ( ° 2 Cl) 

+0 ( Ci ~ )] • • • ( See Article 

the ^intersection ‘of **+ 2 ^ 3 °i o' h i a" 6 P 7 aSS j. ng throu S h 

pendicular to the line V-y+ Wo 3 *+ 4 ff+7 = 0 and per- 
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Sol. Solving the first two equations, we get 

x _ y 1 

14-12 9-7 ““ 4-6 


or 


x 

2 


y 


1 


2 “ -2 


This gives x= — 1, t/ = —1 as the point of intersection of 
these two lines. 

Now, the equation of a st. line passing through (-1, -1) is 
of the form 

y+ i=m(x+l) ...(I) [y-y,-»»(*-*i)] 

where m is its slope 

If (1) is perpendicular on x—y 4-9 = 0 ^ 

then m — — \ ( v = ~ 

(1) becomes 

,+i—i(*+D 

or x+y+2^0 

Second Method : {To be preferred) 

The equation of the straight line through the intersection of 
* . 2,/ + 3=0 and 3z+42/+7=0 is given by 

# + 2 ?/ + 3+*(3:c+4i/+7)=0 ..•(!) (Art 5.6) 

Now (1) can be written as 

x(l +3k) + 2y{ 1 + 2 k) + (3 + 7fc)=0 -(^) 

- ov l4 ~ 3 ^ - (Article 3.15) 

The slope of (^) — — 2 ( i+2A;) 

Further, the line represented by (2) is perpendicular to the 

line represented by 

x —y+9 = 0 whose 

slope is 1 


• • 


1+3 k 
- 2(1 + 2 *) 




(••• »*—-i) 
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This gives k = — 1 

Hence (2) becomes 

— 2x—2y—^=Q 

or x+y+2=0 

Ex. 4. Find the equation of the straight line through (2, 3) 
and perpendicular on the line y= 3a:-f 4 

Find also the co ordinates of the foot of the perpendicular. 
Sol. The equation of a 


straight line passing through 
(2, 3) is of the form 


C C2-3) 


y—3=m(x-2) ...(1) 




[••* y~yi =m { x - x x ]\ 


D 


The slope of the line a 

*/=3z+4is3 


3*4 4 

b 

1 

• • Ifl = — -- 

(. 

• •«- _ 

i ^ 

3 


• III |- - 

w a ) 

Hence (l) becomes 




CM 

1 

HO 

1 

II 

CO 

1 

>1 




or a;+3y—11=0 



...(2) 


(ii) The co-ordinates of the foot of the perpendicular can 
be obtained by solving the equations y== 3a;+4 and a;+3t/— 11=0 
simultaneously. Thus we get 


x _y_ l 

ll-12“4 + 33~~ 9+~l 


This gives 


x—~ 


l 


Ol 


io ,y —nr 

as the co-ordinates of the foot of the perpendicular. 
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Find the co-ordinates of the points of intersections of the 
straight lines whose equations are :— 

1. 2x— 3j/ + 5 = 0 and 7a;-f- 4i/=3. 

0 x y , x y . 

2. —= l and -t —= 1. 

a ' b b ' a 


3. y=m l x-\--~- and y=m 2 x-\-—. 

• \ 

4. x cos 4>i-\-y sin <£, = a and x cos + s ^ n ^ 2 ==a * 

5. 3a;-j-t/ + 8 = 0 and 9a;-f 32/45 = 0. 

6 . t l y=x-\-at 1 2 and t 2 y=x-\-at 2 2 . 

Show that the straight lines whose equations are given below 
are concurrent:— 

V 7.Ax+7y-9 = 0 , 5x-Sy+ 15 = 0, 9a:— y-f-6 = 0. 


—- 4—^-=1 — 

a + b b 


£-+ 4 =>. »-*• 


9. 2x-3y = 7, 3x — 4y= 13, 8a;-llt/=33. 
lO, 15a;— 182 /+ 1 - 0 , 12a; + 10y-3=0, 6 a;+ 662 /-11 =0. ^ 

l^What must be the value of k in order that the three 
lin& 3 a:+ 2 /—2 = 0, *a;-f 22 /- 3=0 and 2 a;- 2/-3 = 0 may be 

concurrent ? 

12. Find the co-ordinates of the ortho-centre of the triangle 

whose vertices are : 

(i) (0, 0), (2, -1), and (-1, 3). 

(n) (U 0), (2, -4), and (-5, -2). 

13. Under what condition can the lines y=m l xj-ai, 
y=m 2 x-\-a 2 y y=m 2 x+a 3 be concurrent ? 

Find the equations of the straight line 
14^eWigh (3, 2) and the intersection of ^ 

\/ 2x + 3y=l and 3x — 4y = 6. 
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15. through (2, —9) and the intersection of 

2x4-5?/—8=0 and 3x — 4?/= 35. 

16. through the origin and the intersection of 

x—y — 4 = 0 and lx 4- 1 / 4-20 = 0. 

x 1 J^through the intersection of the lines 

x — 2 ?/ a — 0 and x-\-3y— 2 a =0 
and parallel to the iine 3x-f-4?/ = 0. 

\ 18^flirough the intersection of the line 
v x 4- 2 </ 4- 3 = 0 and 3 x + 4 t/ 4-7 = 0 

and the p^endicular to the line y— x = 8 . 

1 ^sxmrough the intersection of the lines 

3x—4?/ 4-1=0 and 5 x 4 -?/-1 = 
and cutting off equal intercepts from the axes. 

20 . through the intersection of the lines 

. 2 x—3 ?/ = 10 and x 4 - 2 t/ = 6 

and the intersection of the lines 

16x- 10^ = 33 and 12x4-14?/ 4 -29=0. 

(J-n find the area^ of the triangle formed by the lines whose 
equations are :— 

(0 y=x+\ t x = 2y-3, 3x—4?/-f-7 = 0 

© (“) 3x + 4y = 2, x+2y = 3, 3x±y = 3. 

Show that the area of the triangle formed by the lines 

«/=wi,x-f-c r , where r=l,2, 3, is 
« 


0 




are 


2 >_ '"i - m 2 ■ m 2 - m 3 ‘ m 

that the right bisectors of the sides of a triangle 
icurrent. 0 

Shoy that the medians of a triangle are concurrent 

(o, i),- ofthe triangle whose venice5are 

of the '*** 
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LENGTH OF THE PERPENDICULAR FROM A 
/ GIVEN POINT ON A GIVEN LINE 

6.1. When the equation of the line is given in the 

form. 


To find the perpendicular distance of the point (x lf y x ) from 
the line x cos tx+y sin <x = p. 


Let AB be the straight 
line represented by 

x cos a-f y sin a =p, 
so that OL is the perpendi¬ 
cular from O on AB. 

Now OL =p and /_XOL = a. 

Let P be the point (x„ y x ), 
and PN _[_ on AB. Let PN = d. 
Through P(:r,, y x ) draw A'B' 
parallel to AB meeting OL 
produced in L'. 



Then OL' = OL-fLL'=OL+PN=;p + d 

and /_XOL' = a 


the equation of AB is 

x cos a -\-y sin a—p-\-d 



Now (1) passes through P(aq, y x ) 

x x cos a -\-y x sin a.=p-\-d 

Hence d=x x cos a +yi sin a ~P 
which fives the required perpendicular distance. 
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substituting the co-ordinates of the point in the left-hand side of 
the equation of the line . 

If, however, the. equation of the line be ax-\-by+c=0, it can 
be reduced to the perpendicular form as 


a 


x + 




— 0 (Aiticle-3.13) 


Va 2 + 6* ' V« 2 +6 2 * ' s/a*-rb* 

«*. the length of the perpendicular from (x,, y x ) on the line is 


a 


x.4- 


i.e., 


\ / 'a t -\-b 2 4 ' y/a*-fb* 

axj + byj + c 


Vi + 


Va 2 -}- 6 2 


Va 2 -fb 2 

Hence the length of the perpendicular from (x,, y { ) on the line 
ax 4- by +c = 0 is obtained by substituting the co ordinates of the 

point in ax-\-by-\-c and dividing it by y/a" 1 -^ 6 2 . 


Second Method : (Independent method) 


Let ax-f 6y-fc=0 be tbe 
equation of the line, and 
PN the perpendicular drawn 
from P(Xj, yf) on the line. 

Let PN =d. 

The line ax+6t/-{-c=0 
will meet the x-axis in A 
whose co-ordinates will be 

(-!■«)• 

Similarly, it will meet 




the y-axis in B whose co-ordinates 
Join PA and PB 



Now AB= 
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APAB = £.AB.PN = J.-^ yjat+b'd 
But the area of the A PAB in terms of its vertices 




H »■+ t)] 

(Article 1.14) 


=i[<-f-o)+o(o- yi )- 

_i r~~ i - c ^i _ ° 2 1 

b a ab J 

—5S («i+ 6 »H c ) 


= 2 ^( a:c i + ^i+ c )---( 2 ) ...(rejecting -ve sign) 


Now (1) = (2) 


23^ 0, + 6 * + 


Hence d = 


ax, 4 by t-fc 
V a*+b* 


Third Method : (To be preferred) 

a 

The slope of the line az+by + c** 0 is —p 

the slope of the line 
through P(* lf yj perpendicular to 

ax+by i c = 0 is— 

Let PN be the _L ° n AB 

the equation of PN is 

y-yi=^ x ~ Xl) . r-7 






or b(x—x 1 )— a [y~yJ~® - (1) 


a* *1 *° 
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If N(x 2 , y 2 ) be the foot of the perpendicular PM tu 
< 2 ' y - } 15 common to both (1) and al+ by+c = 0, we have^"’ 33 

b ( x z~*i)—a(y 2 - y x ) = 0 

an ax 2 4 6j/ 2 + c = 0, which we may write as 

a (* 2 -Xx) + % 2 -*/,)=;- -f 6^-f-c) 

Now 


...( 2 ) 


...(3) 

...(4) 


p N=v/(i 2 -a:,)‘- t - ( y ii _j, i)2 

rSr d (3 l by Squar “ g and addi ^> - have 

or + ){fe *i) +(y 2 -y 1 )»} = (a a;i + 6 J/l + c)i! 

(a 2 +6 2 ) PN 2 =( (Wj -(-6 yj+c )8 

P N = a i±by 1 ±c [from W 

_ Va^tb" 

Fourth Method : 

Let AB be the line whose equation is ox + J y+c = 0 
Let it cut OX and OY in A v 
and B, so that the co-ordinates 

of these points arc (--L, 

and (o, *-) respectively. 

Then AB=-l N /^rjr 62 

_ Join AP, BP OP , u 

$V.) " the P-nt tm 

on I 15 n aWn D aS P er P en dicular 4 ('fT) 

PM=jq and PN=^. ls on °X and OY respectively. Then 
Now a A r *’' - 





or 


or 
c 


JAbST^ 1 n? = ' r - OAP+ ° PB 
•PL +i OA.OB = i .OA.PM +i .OB.PN 




I 
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A /o- + 6-.d = -^ —+ -g-+ ab ) 


ab 


Hence 


•Jo? -f b l -d = - { ax i + hi + 1c ) 

axi + hy, + c 

d = 


Va^-t-b 2 

(rejecting the — ve sign) 

(.1 To move that the two points (x., yi )and (x 2 , y,J will lie 

- *«- frrf: “S 

47i<7 cw aZj+fy/j-fc 
signs. 

Let i; »be the ratio in which the line 
the line joining (as,, y.) and (* 2 , !/*>• lhere, ° 1 

7 l ..... v _ A 


( 


c llllt \ • 9 I' 

lx 2 -\-mxj_ ly%+m yi\ lies on ax + by-\-c=0 
l\m ’ ) 

1x 2 +mx x , j /7/,-t-w,v,_ ^ r = Q 

i.e., a. ’ ^+ w 


or 


l — a xi-\-b y x -\-c 

m ~~ ~~ W2-t-^2+ c 


...( 1 ) 


/ /^2 + w.r, 0/ 2 + w .Vi > be between the two 
Now if the point ^ — i+m ’ J+m ) 

. j ti \ ip if the points (#p */i) 
liT(*ri")- - the ^te sides of 


then— is positive 
m 


u 1 »*, b,.b. —*-“■ + “ + ' 

must have opposite signs. on the opposite 

Tk , i- c.-jfi'«.+».■*«" J 

.» S. 3 S*“ 

ax 2 +t2/ 2 + c /!at ’ 11 , ix2+ mx, ]jh±J5b-\ does not he 

Again, if the point ( J+ro *+ m ' 
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sts”. 2 .fe“ st “iV s & s&ytint 

point ( ly 2 -\-iny l \ . 

\ l+m ' ) 1S thc P oin t of external division 


of the points (* lf Vl ) and (* 2> *), so that ± is negative. 

ax -]-/» CaSe> , by the two quantities ax.+bu. + c and 
ax 2 +ot/ 2 +c must have the same sign. d 

:^ 0 ther : fore ' lie on tkt s °™ 
“*+*.+« have?kesZ::; ig ° n : f the *“««•« «.+** + « a** 

6 3. Bisectors of angles between the straight lines 

<*• 

The equations of the lines are 

a i^+6iy + Cl = 0 ...(1) 

V + + ...(2) 

ain et T h ?n Uvolines int ersect 
* ^(- r » y) be any point 

on either of the bisectors. Then 
the length of the ± [ TOm (x> y) 

= the length of the J_ from 
(*» y) on (2) 

^t+b^+c 1= _a i X4b 2 y + c 

wl ., . %/a ‘ +b ‘“ ^^T+b^- 

11C 1 glVe the ret l uircd equations of the bisectors. 

finding the eq , uatfonTof h thf°h- >Wiag workin S rule for 
tween two given lines. sectors of the angles be- 

(< > It lhe eqUati0 ™ °f th * SO that their R.H.S.’s are 



i.e. 
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(i7) take the L.H S. of the first equation and divide it by 
V {coeff.x)' 2 + (coeff,y , 2 

(Hi) take the L H.S. of the second equation and divide it by 
V (coeff z) 2 + (coeff.y)*~ 

(i v ) Equate the results obtained in ( ii) and ( Hi ) taking the 
double sign (±) on the R.H.S. 


6.4. To find the equation of the angle between the lines 
a x-rb } y-\-c 1 = 0 and ajc+bjy -f-c 2 = 0 in which the 
origin lies , c v c 2 being both positive. 

Let AB and AG be the 
lines 


a x x 4 bfl+c^O 
a 2 x + b 2 y+c 2 =0 


...( 1 ) 

...( 2 ) 



Let P(z, y) be any point on 
AD, the bisector of L BAG, in 
-which the origin lies. 

Now P(x, y 1 and 0(0, 0) are 
on the same side of 

o I x + ^i2/+ c » :=0 

■ the quantities a,x V &,y + c, and a,(0) + 6,(0) +c„ i.e 

c lX +b!y+cX d «, be of ,he sarae Slgn (Artlcle ’ 

But c, is given to be positive 
a I x+b,y+c l is also positive 
... length of the ± from P(x, y) on (1) 

a { x 4- b{y ■+ c t 

For similar reasons, tta length of the 1 from P(x, y) on (2) 

a<pc 4- b 2 y -1- c 2 
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Hence 


a i x + b iy + Cj __ agX + b 2 y -f c 2 

VV+b; 


V a 2 2 +b 2 * 

is the equation of the bisector of / BAG' in which the origin lies. 

. Similarly, the equation of the bisector of /_BAC in which the 
origin does not lie is 

j*,x + bjy- t-c, _ a 2 x 4- b 2 y- {- c 2 

A 2 4b? </a 2 *+b 2 * 

6.5. To prove that the bisectors of the angles of a triannle are 
concurrent. J 

Let us choose the origin as the point lying within by trianele 
whose sides are y ® c 

ap+bpj + c^ 0 
a 3^-fb 3 ?/+c 3 =0 

t N- the internal bisectors of the angles are the bisectors of 

th^ CS i Whl K h °r ntain theori S in « since the origin lies within 
the triangle ; therefore, their equations are 

<hXj\-b } y + C) a 2 x 4- b 2 y -f c 9 _ 


v/«i *+V 


V «2 2 + V 


or 


and 


y fc 1 OtZ+btf+d* „ 

VV+V 0 

-t--f c 2 ^ a 3 x + 6 3 y + c 3 
v' a 3 2 -t 6 S * v 'a?T^? ° 


...(tv) 




•••(pi) 


Evidently, the sum of the L H S \ \ 

zero. Hence by Article 5.5, the bisectors meet in a point! ^ “ 

An Important Note : 

In order to find the equation of the internal bisector of an ancle 
of a triangle, write the equations of the surrounding sides, and 
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lh } 6 sig , m t } r 9^ ho ' A > if necessary, so that on substituting 

eouatiZ d m fr%°{ oppo t- vertex in lhi R H - S - °f each 

equation ( tt.a.S . being zero) is positive. 


Solved Examples 

, 1 r , Flnd (») the equation of the perpendicular tii) the 
length of the perpendicular, and (m) the co-ordinates of the 

&S+ 15i/^_ p 0 crpend,cular from the point (3,4) to the line 
Sol. The given line is 


(i) 8*+15j/-f 1=0 

its slope __?- 

1 



the slope of the line _L to (1) is 


15 

8 


...( 1 ) 
(Article 3.14) 


(v ra,=-— ^ 

V 1 m 2 ) 

Hence the equation of the perpendicular through (3, 4) is 

y — 4 = V(s—3) [y— yi=w(a;-a^)] 

or 15a;- 8y— 13=0 •••(2) 

(u) the length of the J_ from (3, 4) on (1) is given by 


8.3+15.4-1-1 85 ^ 

( = U ~ = 17 “ 


(Article 6.1) 


(in) To get the co-ordinates of the foot of the perpendicular 
we have to solve (1) and (2) 


Thus 


x 


y 


1 


-195 + 8“ 15+104 "-64-225 
which gives ( } ) as the co-ordinates of the foot of the J_. 

Ex. 2. Find the distance between the lines 3x+4y-\-15 = 0 
and 3x-\-4y—9=0. 



LENGTH OF THE PERPENDICULAR 


9 ) 


Sol. The two lines are 

3*+4y+l5 = 0 ...( 1 ) 

3*+%-9=0 ...(2) 


P(- 5.o) 


0> 


Evidently, these are parallel 
to each other. Take P any point 

on (1) so that the ordinate of P is 1 

zero. —--- (*> 

the co-ordinates of P are ( — 5, 0) 

Draw PL j_ on (2). Let PL=d,’then 

d 3 x — 5 + 4x0 — 9 -15-9 24 

V3 2 -f-4* 5 

(After rejecting the -ve sign) 
Alternative Method : (to be preferred) 

a ■sar asrSTSi ,?■» 


Now 


OT— 1 x0+5x0+15 

n/ J“d-4- 

OA/f — 3 x 0 -f-5 x Q--9 9 

V 3 2 -f42' ^ 5 


Adding (1) and (2), we get 


...( 1 ) 

•••( 2 ) 

(rejecting - ve sign) 


OL-f-OM = LOM = - 


2f 


line^*' 3 ' F “ d thC biSCCt0r ° f the obtuse an S le between the 

1 q X_ ^~ 5=0 ...(«) 

3x+4y-6=0 

givenby ^ b ‘ SeCtors of the an § les between (,') and (ti)’are 


12x-~5y—5 ^ 3s-t-4y—6 


(Article 6.3) 
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This gives 

21z-77i/+53=0 ...{Hi) 

and 99a:+27 y —103 = 0 ...(tv) 

as the bisectors. 

Now any point on ( i ) is (0, — 1) 

/. Length of the J_ fiom \0, —1) on (Hi) 


21x0 -77 x—1+53 130 

“ y/ (21) 2 +(77) a 7 

Also the length of the 1 from (0, — 1) on (tv) 

99x0+27x-1-103 _ _y/~TJo 

= v /( 99 ) 2 +( 27)“ 2 9 

The first perpendicular is longer than the second one in 
magnitude. Hence (m) gives the equation of the bisector of 

the obtuse angle. 

This can be shown even as under :— 

If (Hi) is the bisector of the obtuse angle, then the tangent 
of the angle between (Hi) and (i) [or between (in) and (»)] 
must be greater than unity 

21 x — 5 +12 x —77 21 

Thus 1311 0= TTxT 2 + -5x-77 ~ 19 

which is greater than 1 numerically 

Hence (Hi) is the bisector of the obtuse angle. 


Exercise 9 

ie opposite sides of Zx+ty-t 

'S u ( 2 3) and (-2, 4) on the same or the 

9 Are the points (-/> , l 9 

)p0 ;ite sides of the line 4, + 5,+ 10 = 0. 
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3. Find the distance of the point (2v/3, 8) from the line 


77 


77 


x cos sin —= 5. 

u^4. Find the length of the perpendicular drawn from 

(i) the point (2, — 1) upon the straight line 

3x — ^y=5 

(») the point (b, a) upon the straight line 


x 


a 


-f=‘ 




(iii) the origin upon the line h(x + h)-\-k(y-\-k) = 0 

(iv) the point ( — 2, 3) upon the line x—y = 5. 

^yi v ) P°l nt (&> ®) upon the line a(x—a)=b(b—y). 

5. Find the length of the perpendicular and the co-ordinates 
of the foot of the perpendicular from the point ( 3, 4 ) to the 

line 8r+ 15i/-f 1 =0 

v/ 

•f p is the perpendicular distance of the origin from a 
ie^whose intercepts on the axes are ‘a’ and ‘6* 

, Ill 

show that ——= —r--f 

^ 6 1 



6 8 


^ p a “ a 2 ' 6 a (K.U. 1952) 

P \ 7. If p and p' be the perpendiculars from the origin upon 
1 tne straight lines whose equations are 

x sec 9+y cosec 9=a 

and x cos 9 -y sin 0=a cos 20 

prove that 4 p*-\-p' i =a i . 

8. Find the lengths of the altitudes of a triangle whose 
angular points are (0, 0), (1, -1), and (3, 2). 

9^ Show that the product of the perpendiculars drawn from 

the two points (iv fl2 —0) upon the line 


is 6 a . 


cos 04 - sin 0 = 1 


a 
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10. Find the perpendicular distance between the lines :— 
(i) 3x +4t/5 = 0 and 2>x+\y -\-17 = 0. 

(ii) y=2x—\ and y=2x+Z. 

(Hi) ax-\-by+c=0 and a'x-\-b'y -fc' = 0. 

( iv) y~mx-\-c and y=mx+d. 


11. Find the bisector of the acute angle between the lines 

3z + 4?/=ll and \2x — by = 2, 

t 

12. Find the bisector of the acute angle between the lines 

5x = 1 2y 24 and \'2x=by-\- 10. 

13. Find the equation of the line passing through the 
point (2, 9) and the intersection of the lines 

Zx+fy — 7 — 0 and 5x— 12y-j-7 = 0. 

Show that it bisects the obtuse angle between the given lines, 
and find also the bisector of the acute angle. 

y\f 14/ Find the centre and the radius of the circle which is 
f inscribed in the triangle formed by the lines 

y = 0, \2x— 5 t / = 0, Zx-\-4y — 7=0 

15. Show that the origin is within the triangle whose 
angular points are 

(1,2), (-2, 3), and (-1,-4). 




CHAPTER VII 


JOINT EQUATION OF TWO OR MORE 

STRAIGHT LINES 

*7.1. We have seen in Article 3.2 that the general equation- 

ol the first degree is a: and y of the type a* 4 by-\-c= 0 represents 

a straight line. Let us now consider the product of the 
two equations 

(ax+6 2 , + c ) ( „’. t . + A ' 2 , + c - ) = 0 ...(1) 

to see what it represent 3 . 

ax+by+c and a'x-\-b'y+c' 

are the two factors on the L.H.S. of equation (1). This 
equation is, therefore, satisfied if either of these factors is zero. 
Ihus equation ( 1 ) represents the pair of straight lines 

ax+by+c = 0 and a'x-\- b'y+ c' = 0 . 

Again, on multiplying the two factors on the left-hand side 
of ( 1 ), we will get an equation of the form 

A*’+2 Hxy+By* + 2 Gx + 2Fy \ C=0 ...(2) 

where the values of A. B, H, C, G, F can be easily determined 
m terms of a, b, c, a , 6 , and c\ This is the most general 
equation ot the second degree and will represent a repair of 

straight lines provided that its L.H S. can be factorized into 
two linear factors in x and y. 

7.2. Homogeneous equation of the nth degree. 

An equation in x and y of the type 

a 0 x n 4 ap'-'y 4 a 2 y”-’y* +.+ a n y n = 0 

in which the sum of the indices of x and y of each term is equal 
standi the homo 9 ene <>us equation of the nth degree in 
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Thus ax 2 -j- 2hxy-\-by 2 =0 is a homogeneous equation of the 
second degree in x and y, whereas 

ax 3 -f bx*y -f cxy 2 -f d y 3 = 0 
is a homogeneous equation of the 3rd degree. 


7.3 To show that the homogeneous equation of 
the second degree 

ax 2 -f 2hxy 4-by 2 =0 

represents a pair of straight lines passing through the 
origin. 


Solving the equation for x, we get 


This gives 
and 


_ — h± y/h 2 —ab 
x - a y 

ax -f- (h 4- v/ h* — ab)y = 0 

ax f (h—\/h*—ab)y — 0 


...(0 

...(«) 


Each of the equations (t) and (n) being of first degree in x 

and y represents a straight line through the origin. 

Hence ax 2 4-2hxy +by 2 =0 represents two straight 
lines passing through the origin. 

7 4 Angle between the two straight lines represen¬ 
ted by ax 2 4 -2hxy -f by 2 = 0 -W 

Let the two lines represented by 

ax 2 +2hxy+by 2 =0 

be y = m 1 x and y=m 2 x 

Then ( y-m X x) (y—m 2 x) = 0 

i.e., 2 )xy+y*=0 

is the same as (1) 
comparing the coefficients, we get 


m x 7n 2 _ 


a 


in \ 4 " ?n 2 _ 

2h = b 
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which gives 


and 




Thus, if 0 be the angle between the straight lines represented 
by (1) we have 

tan 0— w i “~ m 2 + 4mjm 2 

1 \+mjn t 


Hence 


__\/4 h* — *ab 
** a+b 


0-tan-i 1 ab j 

( a + b ) 


Cor. Ifa-|-b=0, the two lines are perpendicular, whereas 
these are coincident ifh 2 =ab. Thus the two lines will be 
perpendicular if the sum of coefficients of x 2 and y 2 
is zero. 


7.5. To show that a homogeneous equation of the 
nth degree in x and y represents n straight lines passing 
through the origin. 

Let ay'+by"- 1 x-\-cy n ~*x 2 -\- .-}-Au; n =.0 ...(1) 

be the given homogeneous equation of the nth degree. 

Dividing (1) throughout by x n , we get 

. +*-° -(*) 

This is an equation of the nth degree in —, and will have 
n roots as such. 

Let m lt ?n 2 , m 3 , . m n be these roots 

Therefore, (2) can be written as 

■ <§ -*.)«■ 
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or a(y-m 1 x) (y-m^c) . (y—m n x)=0 

Since a^O, we have 

y—m l x= 0, y—m 2 x — 0,. y — m n x— 0 

which are the equations of n straight lines passing through (0, 0). 

Hence ( 1 ) represents n straight lines passing through the 
origin . 

Note : The n straight lines need not be necessarily real 
and distinct. 

7,6. To find the equation of the straight lines bisect¬ 
ing the angles between the lines 

a x 2 -f-2hxy + by 2 =0 

Let 0j and 0 2 be the angles at which the two given lines 
represented by ax 2 + 2hxy-\-by 2 —0 are inclined to the r-axis. 




• • 


and 


. 2 h 1 

tan fljjd-tan 0 2 — -j 


tan 0 r tan 0 2 = 





m i 4 rn 2 *= - 



m 1 m 2 = 
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Let 0 be the angle which a bisector makes with the 
rc-axis, then 

e=-^ or e= ii+A + ' 

and in either case 

tan 20=tan (0j + 0 2 ) .[v tan (;r + 0) = tan 0] 

^ 2tan 0 tan 0,-f-tan 0„ 

1 — tan 2 0 1 — tan 0! tan 0 2 

Now, let P(x, y) be any point on the bisector, then 


tan 6 = OL = T 
Hence from (1), (2) and (3), we get 

2 y 2L 

x b 


i - - y \- 

X 2 


x 2 —y 2 
a —b 


'-- a r 


xy 

h 


which gives the joint equation of the two bisectors. 

Solved Examples 

Ex. 1. Find the angle between the lines 

x 2 -\-2xy sec 0-f y 2 = 0 

Sol. Comparing this equation with 

ax *+ 2hxy -f by 2 = 0, 

we have a= 1, 6=sec 0, 6=1. 

Let <f> be the angle between the lines. 




( A '. L 
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Ex. 2. Prove that the equation to the pair of straight lines 
at right angles to the pair given by 

ax 2 -\-2hxy -\-by 2 =0 is 

bx 2 —2hxy -f ay 2 =0 

Sol. The equation ax 2 -\-2hxy-\-by 2 =-0 can be put as 

J (i r) + 2A (x) +a=0 -W 


Now the given equation represents two st. lines passing 
through the origin. The eqiations of these straight lines taken 
separately are of the form 


y—rriyX and y—m^x 


in both the cases their slopes are 




y 

mi=m 2 =y 


) 


Hence the equation of the st. lines _L to the st. lines repre¬ 
sented by (1) will be obtained by substituting 


(-f) r “ a )■ 1,1 

The equation of the st. lines will, therefore, be 

6 ( - t) + 2A(_y) + a = 0 


or ay 2 — 2 hxy -f- bx 2 =0 

Ex. 3. Show that the condition that the two of the lines 
represented by ay 3 +bxy t -\-cx-y+dx 3 = 0 may be at right 

.angles is a(a + c) + d(b+d)=0 ( P- U. 1953) 

Sol. The given equation can be written as 


■(f)' +<£)'+*(f) +< -° ■■■"’ 


Putting — = m in (1) we get 

a m 3 4- bm 2 -f cm 4- d =0 
Let m v m 2 , m 3 be the roots of (2) 


JOINT EQUATION OF TWO OR MORE STRAIGHT LINES 


109 


■ 

• • 


m l m 2 77i 3 — 


a 


...(3> 


But two of the lines represented] by (1) are at right /_s. 
Let their slope be m l and 

•\ m.m 3 = — 1 


(2) gives 

Now m z is a root of (2) 


a 


• • 

or 

or 




d 2 -f- bd -}- ac 4- a 2 =0 
a{ac)+d(b+d) = 0 


Ex. 4. Prove that the product of the perpendicular from 
the point (x v y^) on the lines ax 2 — 2hxy-\-by 2 =0 is equal to 

ax l 2 -\-2hx i y l -\-by l 2 
(a—b) 1 4h 2 

Let y—m 1 x =0 and y—m 2 x=0 be the straight lines represen¬ 
ted by ah 2 -2hxy-}-by 2 =0 so that 


m 


. 2h a 

j + m 2 =-and rn l ?n 2 =-^ 


Now the product of the perpendiculars from (x v «/j) on the 
two lines y—m^x —0 and y—m^c—Q is given by 


VlVz =y '~ m i x x m V i-^i 

1 2 Vl+m^ ' y/i 
where p v p 2 are the J_s on these lines 

Vi 2 - (w,-f m^x^+m^x , 2 
V 1 -H 
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d 10 


r)* '* + 

V 


a 




^ 6 2 


4a 
6 


a 


+ b 2 



ax 1 2 +2/ta ; | y 1 -f6y 1 2 
\/ {a—b) 2 -\-4h 2 



-1 






*1 






MM 


V 


0 


10 

1. Find the angle between the lines :— 

( i) x 2 -f-2xy cot 2a— y 2 =0. 

(n) x 2 —5xy-\-4y 2 =0. 

{iii) a* 2 — 7xy-\- \2y 2 =0. 

(ivyz{+2xy cot b-fj/ 2 =0. 

^ y, 2* > -J^T7'*y+4y 2 “0. ' 

ind the equations of the straight lines bisecting the 

between the pairs of lines :— 

# 

(t) 4a; 2 — 16a:y+7y*=0. 

(ii) 33a; 2 — 13xy— 6y 2 =0. 

I iii) x 2 — 2xy sec 0-Fy 2 =O. 

S\ 

1 iv ) a; 2 -f-2a:y cot 0-|-2/ 2 =O. 



_If pairs of st. lines x 2 +2pxy-y*=0 and x*-2qxy-y 2 =0 

be such t^at each bisects the angles between the other pair, 

then*X/ M = -V 1 • 

/Show that the lines 2a:* + 6xy + y 2 =0 are equally inclined 

to the lines^i*^ 18 xy -fy*=0. 

5.^8fiow that the condition that one of the lines 
ax 2 -\-2kxy-\-by 2 = 0 may be perpendicular to one of the 

lines a / a: 2 -f 2 /t / a^/-t- 6 ' 2/ 2 =0 is 

(1 aa'-bb')*+4{ha'+h'b) (ah'+hb') = 0. 
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ill 


6. Show that one of the st. lines ax 2 +2hxy -\-by 2 = 0 coincides 
with one of the straight lines 

a a , x 2 -\-'2h'xy-\-b'y 2 — 0 

(ab'—a by+4(ah'-a'h) (6A'-6'A)=0. 

7. Show that the area of the triangle formed by the line s 
ax 2 -{-2hry-\-by 2 = 0 and lx-\-my = 1 is 



y/h* — ab 


^ airii^hlrnbl* 

o 8 * Find the ec l uafion o[ the perpendiculars to the lines 
■ax~ + 2hxy-\-by 2 =0 at the origin. 

9. The orthocentre of the triangle formed by the lines 
ac +2/ ‘^+ 6 r=0 an d lx+my= 1 is (x'.y'), show that 

= Jfl _ a+b 

1 m ~Q/m i 4- 2 ham -f- bl c 

]ine! 0 r'epr S «ented h bV^ C ° nditi ° n thc tW ° ° f ,he Stra ‘=' ht 


Ax 3 + 3B.c 2 y-f 3Gx 7/ 2 -j-Dy 3 =0 
may be at right angles is 

A 2 4-3AG -f- 3BD + D 2 =0. 




triangle. 


12. Prove that two of the straight lines given by 
«y + &*y’+c*y+ <kV+ ftE ‘=o will be at right angles if 

(6+d) (ad+6e) + (o-c)»(o ) c+e )=0 


[Hint :—Take 
equation] 


{y*+hxy-x 2 ) as one of 


the factors of the 


13. Show that the angle between nn P 
y a* +2kxy+by 2 =0 and one of the lines given by 
ax 2 -f 2hxy -f by 2 + lc{x* -f y*) = o 

is equal to the angle between the other two lines. 


one of the lines given 
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14. Prove that the pair of the lines 

ax* + 2hxy 4 - by •'= 0 
is equally inclined to the pair of lines 

tfx'+Vh^+tyxy 4-6 2 2/ 2 =0 

15. If the lines ax 2 +2hxy-\-by 2 =0 be two sides of a parallelo¬ 
gram, and lx-\-my = 1 be one of its diagonals, show that the 
equation of the other diagonal is 

y(bl—hm) = x(am - hi). 

7 7 The necessary and sufficient condition that the 
general equation of the second degree 

ax 2 4 -2hxy-f by 2 4-2gx 4 -2fy 4-c=0 
may represent a pair of straight lines is 

abc f 2 fgh-af 2 -bg 2 -ch 2 =0 

If we succeed in breaking up the given second degree 
equation into two linear factors, we can say that it represents 

two straight lines. 

Let us assume that a^O. Therefore, on multiplying’the 
given equation by a, and then arranging it in powers of x, wejget 

a*x*-\-2ax{hy-\-g) = — aby 2 —2afy- ac 

Adding (hy + g) 2 to both sides, we get 
a 2 x 2 A-2ax(hy+g) -\-{hy+g) 2 = y 2 ( h 2 -ab) + 2y (gh— af) + {g 2 —<ac) 


This gives 

{ax 4 - hy f g) = ± V y\W - ) 4- 2y( gh -af) 4- (9 2 -^ 

From this, we cannot get x in terms of y , involving term^of 
first degree, unless the quantity under the radical sign is, a 

perfect square. 

This requires that 

(gh — af ) 2 = (h 2 — ab) (g 2 -ac) 

or gitf — 2afgh g 2 h 2 — abg 2 — ack 2 4- a 2 bc 

or a bc 4 - 2 fgh-af a -bg 2 -ch 2 =0 .( > 

This relation when put in the determinant form gives 


a h g I 

h b f =0 ...(2) 

g f c 1 


■ 
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Note : The student is advised to commit results (1 ) and (2) 
to memory. 

Alternatively : 

The given second degree equation is 

ax i +2hxy+by*+2gx+2fy+c=0 ...(1) 

If this represents two straight lines, then the L. H. S. can be 
factorized into two linear factors involving x and y. 

Thus ( 11 can be put as 

ax 2 +2 hxy + by ' 2 +2 gx+2fy + ctm 

(lz+my+n) (1‘x+m'y-\-n')=Q 

This gives 

ll'—a, lm' -f- l'm=2h, mm'—b 
; ln' + ln=*2g t mn'+m'n=2f, nn'=c 

1 ^ eq ? 5 ed co P dition be obtained by eliminating 

hv^Hnnt; m +u n A? m the ? bove Rations. VVe will do this 

by adopting the following determinant method : 

1 V , 0 VI 0 

l * mm’ Ox m' m 0 =0 

71 n‘ 0 n ' n 0 

21V Im'+l'm In'+l'n 

Im' + lm 2 mm' mn'+m'n =0 

in -\4'n lm'-\-Vm 2nn' 

Substituting the values for ll', mm\ etc. we get 

2 a 2 h 2 g 

2 h 2b 2 / =0 

2 9 2/ 2c 

a h g 

or 8 h b f = 0 

9 f c 

Now 85*0 h b f 

9 f c 
which gives the required condition. 

1 




[ 
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Expanding this determinant, we get 

abc-|-2fgh—af 2 -—bg 2 —ch 2 =0 

7.8. Given that 

ax 2 -f 2hxy-f by ! -f 2gx-f 2fy-f-c=0 

represents two straight lines, to find the angle between 
them. 

Let the lines represented by the given equation be 

y=m i x+c l and y=m 2 x- f-c 2 

Then 

ax 2 + 2hxy+by 2 +2gx + 2fy+c=b(m 1 x—y—c x ) ( mp-y-c 2 ) 

Equating coefficients of xy and x 2 on both sides, we get 

2 h a 

771j-}-W?2—— ^ 

Thus angle 0 between the lines is given by 


tan 


e=± 


m 1 — m 2 

1 -f m x m 2 


_ , V(m 1 f m 2 )' l -±m x m 2 

1 + m,m 2 


2\/ h^—ab 
~~ 0+6 

A , r 2Vh*—ab~ “I 
0=tan -1 a+6 - J 

Cor. The lines are perpendicular ifa + b = 0 
and parallel if ab —h a =0 

7 9. Lines joining the origin to the points of a given 
curve 0 (x, y)=ax 2 + 2 hxy+by 2 + 2 gx+^fy+c =0 and a 
given line 

lx + my=n 
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Let the straight line lx+my = n cut the given curve in two 
points A and B. Now we have 
to find the joint equation of the 
straight lines OA and OB, where / \ \ 

O is the origin. Such an equa- / \ 

tion must be homogeneous of / ". \ 

second degree in x and y. There* / :•/ 

fore, the equation of the given / ” 

curve, i.e.y / ^ 

ax- -f 2 hxy -f- b y 1 -f 

+ 2/(/ t c=0 *..(1) —---- 

is to be made homogeneous of second u 1 * 

degree in x and y with the help of 

lx+my=n ...( 2 ) 

Now (2) can be written as 


lxj-my __ j 


(Please note this step). 


Therefore, equation (1) is made homogeneous of second 
degree in x, y, with the help of equation (2) as under 


ax 2 


+2hxy + byH2gx(i^ Dl X ) + fy( ,x +“y j 


4c( 


lx-fmy 


r- 


Then (3) gives the required equation. 


; =u •••(3) 

(Please note this step) 


Solved Examples 

Ex. 1. Prove that the equation 

1 2x- -f lxy — 1 Oy 2 -f 1 3x 4-45 y —30=0 
represents two straight lines, and find the angle between them. 
Sol. Here <* = 12, A= |, 6= _ 10> 

*=¥, /=¥. c= —35 


/-V. 
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Hence abc-\-2fgh—af i -bg 2 -ch* 

= 12 x ( - 10) x (—35)+2 x x V X S - 12( a 2 6 ) 2 
-(-10)(V) 2 -(-35)(|) 2 
= —1875+ = 0 

Hence the given equation represents two straight lines 
Next, if 0 be the angle between these lines then, 

2>Sh^-ab 2v''V+‘20 

tan9 -— TTZb -= “ H2-10 


2\/52y/4 _ 23 

= 2 “ T 

•\ 0 = tan- 1 (* 2 3 ) 

Ex. 2. Prove that the general equation 


ax 2 -\-2hxy+by 2 -\-2gx-\-2fy-\-c=0 

represents two parallel straight lines if h l =ab and bg-=af 2 
Prove afoo,! that the distance between them is 


2 . / v 2 -™ _ 

a{a+b) 


V 


(JL17.) 


Sol. Let 2/ + c i = ° and 

y+c 2 = 0 

be the two parallel st. lines represented by the given equation. 
Therefore, comparing the coefficients, we get 


• v /o(c 1 -fc 2 ) = 2j7, vb(c 1 -+c 2 ) — 2f 

ac=I ^J/ 

01 + 02 y/a -~y/b 


This gives bg 2 =af 2 

Also, 2*Jab =2 h which gives ab=h 2 
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Distance between the parallel lines is 

C i — C 2 s/(_Ci4-C 2 ) Z —^£l C 2 

'Ja + b y/a-i-b 


_ a/T- 4c =2 V 


g e -ca _ 
a(a-\-b) 


y/a + b 

Ex. 3. Find the equations of the two straight lines represen 
ted by 

x 2 -f xy—2y l -\-x + 5y—2 — 0 
Sol The given equation can be written as 

x*+ [y 4-1 )* - (2y 2 - +2) = 0 

-(y + l)±N/(y+l)* + 4(2y*-'5y + 2r 

2- 


~(y+l) ±V y--2y+\ 

2 


~(y+0±3(«/-i) 


-y-2, -2y+i 


Hence the equations are 

x — y—2 or x—y+ 2=0 

and a; — — 2?/ -f 1 or x-\-2y— 1=0 


Ex. 4. Show that the lines joining the origin to the points 
common to 

3x 2 -f- 5xy — 3y 2 + 2z + 3y = 0 and 

3a; - 2*/= 1 are at right angles. 

Sol. Making the first equation homogeneous of second 
order with the help of the second equation, we have 

3a:* + 3j 2 f 2x{3x - 2 y) + 3y{3x-2y) =0 

or 9x 2 +10a^-9i/*=0. 


118 


ELEMENTARY CO-ORDINATE GEOMETRY 


This gives the equation of the two lines. 


The lines will be 
of x 2 and y 2 is zero, 
is 9 and that of y 2 = 


at right lines, if the sum of the coefficients 
This is so, because the coefficient of x 2 
-9. 


Exercise 11 

Show that the following equations represent two straight 
lines, and find the angle between them. Find also their points 
of intersection :— 

1. x 2 — 3xy-\-4y 2 -\-4x — y — 5=0. 

2. 6y 2 —xy— x 2 + 1 Oy + 4 = 0. 

3. \5y 2 -\3xy+2x 2 +5x—4y-3=0. 

4. xy-2x-3y+6=Q. 

5. Prove that the equation 

a; 2 -f-6xy-f-92/ a 4-4a;-|- \2y —5 = 0 

represents two parallel lines, and the distance between them. 

6. Find the value of 7y, so that the following equations may 
represent pairs of straight lines. 

(i) x 2 + }\xy-\-y 2 —5x+7y + 6 0. 

(ii) 7\xy— 4x+3y—12=0. 

(in) 2 x 2 —xy - y 2 + T\x - 6y— 9 = 0. 

7. If ax 2 + 2hxy + by 2 +2gx+2fy+c=0 represents two 
straight lines, prove that the square of the distance of their 
point of intersection from the origin is 

c(a + b)-f 2 - g 2 
ab-h 2 

8. If ax 2 +2hxy+by 2 -{-2gx-\-2fy+c=0 represents two st. 
lines at right angles to each other, show that the square of the 
distance of their point of intersection from the origin is 

/ 2 _±^ 2 ( K.U. 1957) 

b 2 +h 2 
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9. If ax 2 ±2hxy-\-by*±2gx+2fy+c=0 represents two st. 
lines, prove that the product of the perpendiculars from the 
origin on these lines is 


c 

~V {* 

10. Show that the lines joining the origin to the points of 
intersection of 


5a; 2 -f- 1 2xy — 6y 2 +4a;— 2y -f 3—0 
and x—y — 1 are equally inclined to the axes. 


11. If the curve x 2 +y 2 4-2gx-\-2fy+c=0 intercepts on the 
line lx+my=\, a length which subtends a right angle at the 
origin, show that 

c(l 2 +m 2 )+2 (gl+fm+ 1)=0. 


12. Show that the lines joining the origin to the points 
common to 


3aj*+5a; y—3 y 2 +2# + 3y=0 
and 3a:—2y=» 1 

are at right angles. 


(K.U. 1954) 


13. Prove that the angle between the st. lines joining the 
origin to the intersection of the straight line y = 3a;-1-2 
with the curve 

a;*-f2a*/ + 3?/*+4a;+8y-ll=0 is 


tan -1 



14. Show that the pair of lines joining the origin to the 
intersection of the st. line y—mx-\-c and the circle x 2 +y 2 =a a 
are at right angles if 2c*=a*(l +m 2 ). 


CHAPTER VIII 

THE CIRCLE 

8.1. Circle. Def. A circle is the locus of a point 
which moves so that its distance from a fixed point is 

constant. r 

The fixed point is called the centre of the circle, and the 
constant distance is called the radius of the circle. 

8.2. Equation of a circle in different forms 

(a) A circle whose centre is the origin. 

To find the equation of a circle in the form z 2 -\-y 2 =a i . 

Let O be the centre and il a ” 
the radius of the circle. Take O 
as the origin and XOX' and 
YOY' as the axes. 

Let P(ar, y) be any point on 
the circle. 

Draw PL J_ on OX. Then 
OL = x and PL -y. 

Now from the right-angled 
triangle OLP, we have 

OL 2 -f LP 2 =a 2 

or x 2 -|-y 2 =a 3 y 

which is the required form. 

Note : The above form being the simplest form of the 
equation of a circle, is called the standard form. 

(b) Central form 

To find the equation of a circle whose centre and radius are 
given . 
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Let C(4, h) be the centre and “a” the radius of the circle. 

Take P(a:, y) any point on the 
circle and join CP. 

Then CP=a. 

Now the distance between 
C and P- a 

y/(x—h) 2 (y - k) 2 —a 
(distance formula) 

Squaring, we set 

(x-h)2 + (y-k)2 = a 2 

which is the required form. 

(c) General form 

To prove that x 2 +y 2 +2gx-\-2fy + c=-0 represents a circle , and 
to find its centre and radius. 

The equation x 2 -\-y 2 -\-2gx-\- 2/y-f c=0 can be written as 

(x 2 +2gx) + (y* + 2fy) = -c 
or (z 2 +2gx+g 2 ) + (y'+2fy+p)=g*+p- c 

(Adding g 2 +f 2 to both sides) 

° r (x+9)*+(y+f) 2 =9 2 \-f 2 -c 

or {* ~ ( -g)Y + {y -(-/)}*- ( y/ii' +P-C ) 2 ...(l) 

(Please note this step) 

Now (1) is of the form 

(x—h)*-\-(y—k) 2 = a 2 

and, t herefore, r epresents a circle with (—g, -f) as the centre 
and \/ g tj rf 2 — c as the radius . 



rp n ^l nCe j V fi. haVe ^ he f ® Uowin g rule to write down the 

in the General Fom*!- * CirC,C Wh ° SC equation is S iven 


(») Write the equatum of the circle so that the co efficients of 

= h 071 the LBS - {theR.H.S. being zero) bi 
dividing throughout, if necessary, by the co-efficient of x t or y 8 
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(u) Compare this -with x 2 +y 2 +2gx+2fy + c=0 and write 
down the values 0 } 

9{ — \ oo-eff. of x),f( = l co-eff. of y), c(=constant term). 

( Hi) Then the centre is ( — g, — f) and the radius 


Note : The circle is real, a point-circle, or imaginary 
according as 

g 2 +P-c^0. 

Ex. Find the centre and the radius of the circle 

4x 2 +4y*+ 12 a:r - 6 ay -a 2 =0. 

Sol. Here we have to divide throughout by 4,, the co¬ 
efficient of x 2 or y 2 , in order to make the coefficients of x -f-y 
each equal to 1 . 

Thus the given equation becomes 

3 a 2 n (\\ 

x 2 -}-y 2 -\-3ax —^ a y- 4 -=° . 

Comparing (1) with x 2 +y 2 +2gx+2fy-\-c=0, we get 

1 0 . 3a , 1 / 3a \ 3 a 

g= 2 " ( 3a ^~ 2~* 2 \ 2 / 4 

a 2 


the co-ordinates of the centre are : 

/ 3a 3a 
\~T’ 4 



V 9a 2 9a* a* 
4- + I5 + 4 


(*.• y/g*+f*— c ) 


la 

~ 4 ‘ 
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Alternative Method : 

The given equation of the circle can be put as 
z 2 +2/ a +3ax--^- y-^= 0 


(a: 2 -f3ax) + ^j/ 2 —)= ^ 


or 


or 


[( *’+3ax + 9 “ 2 


~)}+\i yi - 


3 a 9 a 2 

T 2/+ T6 


a‘ 


4 “b 4 


/ 3a \ 2 / 3a \ 2 /7a \ 2 

( x+2-)+( 2/- 4 -J-( 4 J- 


9a 2 9a* 

+ 


or 


16 

(Please note this step) 
la \ 2 


This is of the type (x— fc) 2 -f (y— k)*—a 2 and, as such, 

represents a circle whose centre is anc * radius 

_7a 
“ 4 * 

(d) Diameter Form 

To find the equation of the circle on the join of {x lt y) and 
(# 2 » y 2 ) as diameter. 

Let A(ar„ yj) and B(a: 2 , y 2 ) be the ends of the diameter AB. 

Take P(z, y) any other point on 
the circle. Join PA and PB. 

Now, /.APB = 90° 

(v angle in a semi-circle) 

AP J_ on PB ...(1) 

The slope of AP=^-^L 

x—x. 


(. < y 2 -yA 

\ ’ x i —x 1 ) 



B 
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The slope of PB= y —(1) gives 

X— x 2 

y-y i y-y* = _ 2 

x —a?,* x—x 2 


(v m l m 2 — — 1 ) 


or {y-yi)(y-y 2 )= 

or (x — x 1 )(x-x 2 ) + (y- 

which gives the required form. 


-{x-xj)(x—x 2 ) 

yj)(y-y 2 )=o 


(e) Three-point form 

To find the equation of a circle passing through three points. 
L e t x *+y 2 +2gx + 2 /y-f c = 0 he the equation of the circle 
passing through three given points (a? J , y x ), ( x 2 , y 2 ) t and (£ 3 , y 3 ). 

Now {x v yf) lies on the circle 


• 

• • 

+ y,* ■+ 1gx v + 2fy v + c=0 

...(1) 

Similarly, 

+ 2 / 2 *+ 2 a x i + 2 /!/2 + c = 0 

...(2) 

and 

* 3 2 + 2 / 3 ® + ^ 9 x 3 + 2 /223 + c = 0 

...(3) 


By solving equations (1), (2), and (3) for g,f, c we can get 
the equation of the circle after these values of g,f,c are 
substituted in x 2 -\- y 2 -\-2gx-\-2fy-\-c — 0 * 

8.3. Characteristics of the equation of the circle 

x 2 +y 2 -f-2gx-f-2fy-f c=0. 

(1) It is an equation of the second degree in x and y. 

(2) The coefficients of x 2 and y 2 ore equal. 

(3) There is no term containing the product xy. 

Solved Examples 

Ex. 1. Find the equation of the circle whose centre is 
(_ 5 , — 6 ) and radius is 10 . 

Sol We know that the equation of the circle whose centre 
is (h, k) and radius is “a” is given by 

(x-h)* + {y-k)*=a*. 
h = — 5, k= — 6, and a =10 


Here 
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*\ the required equation is 

(*+5) 2 +(t/ + 6)*=10 2 

or x 2 -\-y 2 + lOx-f- 122 / — 39=0. 

Ex. 2. Find the equation of the circle which passes through 
the centre of the circle y 2 + 8 ;e-+- lOy — 7=0 and is concentric 

with the circle x 2 -\-y' 1 — 4x—6y~0. 

Sol. The centre of the circle x 2 -\-y 2 + 8x-{-l0y — 7=0 is 
{—4, —5), and that of x l +y 2 — 4z— 6y =0 is (2, 3). 

Now the required circle passes through (-4,-5) and has 
the same centre (concentric) as 

x 2 + y 2 -4x-6y=0 (2 , 3). 

Let “a” be its radius 

the equation becomes 

{x—2) 2 +(y— 3) 2 =a 2 ...( 1 ) 

Now (1) passes through ( — 4, —5) 

( —4 - 2) 2 + (—5 —3) 2 =a 2 
or 36+64=a* 

which gives a= 10 . 

Hence ( 1 ) becomes 

(* — 2)'+(y-3)«=l00. 

Ex 3. Find the equation of the circle the extremities of 
whose diameter are ( 2 , 3 ) and ( 5 , 4 ). emmes oi 


a— 10 . 


Sol. Here *,=2, y,=3 ; *,=5. y a =4 

(*-*i)(*-x 2 H-(y- 3 / I )(y_y 2 ) = 0 (Artic’e 8 . 2 ) 
gives (*—2)(a:-5) + (y—3)(y_ 4 )_o 

or xt +y*-7x-7y+22=0 

which gives the required equation. 

the ^points fit, t. through 

of the centre and the radius’ of this cicle md co * ordinates 


gives 


(Artic’e 8 . 2 ) 
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Sol. Let the equation of the circle be 

z 2 -\-y 2 +2gx+2fy+c=0 ...(i) 

Since it passes through ( — 3, 4), we have 

9_j_l6-60-b8/+c=O 

or — 6 < 7 -f- 8/-J-c=—25 •••(**) 

Similarly, by substituting the points (2, 0) and (1, 5) in (i) 
we get 4— 4 < 74 -c =0 •••(***) 

and 20 +lO/+c = -26 ...(iv) 

Solving equations (ii), (Hi), and (iv) simultaneously, we get 

j7=}»/= —f» c — — 2. 

Substituting these values of g, f, and c in (i) we get 

a:H2/ 2 + 2(4)^-f-2(-!)2/-2=0 

or x 2 +y*+x-5y- 2s =° 

which gives the required equation 

(ii) Next g = k>f= — * 

. the eo-ordinates of the centre are 

<••• - g '' }) 

and 


radius - = V *+* +2 

V34 


= 2 

v * Find the equation of the circle passing through the 

So1 ' h V+P+2g^fy^\ 

Since (1) passes through ( 4 ’ 1} f? d (6 ’ 5 ...(«) 

Since PIP 8?+2/+c = _17 

12?+ 10/+c = -61 


and J __ f f the cir de lies on the line 

th ‘ “tvr-.s-o ,« 

4a+f+ 16=0 - ( 
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Solving (u), (in) and ( iv ) simultaneously, we get 
0 = —3,/= —4, c=15. 

Substituting these values of g,f and c in ( i) we get 

a: 2 -!-?/ 8 — 6 ^:— 8 ?/ 4-15 = 0 
which gives the required equation. 

Note : The equation of the circle 

z 2 + 2 /*+ 2gx+2fy + c = 0 
contains three constants g, f and c. 

Three conditions are , therefore , required to find the equation of 
a circle. Thus the equation of the circle can be found if :_ 

(*’) the circle passes through any three given points, 

{ii) the circle passes through any two given points and its 
centre lies on 

(a) the a;-axis (6) the ?/-axis 

(c) any given line, 
and so on. 

Exercise 12 

Find the^radius and the co-ordinates of the centre of the 
followinoptircles : — 

£ 2 +t/ 2 — 8 a; — 16i/-f-78=0. 

2. 7a;*-f- 7y 2 -4x— ?/=3. 

3. ax~-\-ay 2 =bx-\-cy. 

4. x* + y*— 4a;- 8 ?/ — 41=0. 

5. 3a; 2 -f-3y 2 — 5a; - 6y-{-4=0. 

p. f+y'= k ( x + k )- 7. x'+y'=2gx-2fy. 

r ind the equation to the circle 

S. whose radius is 3 and whose centre is (— 1, 2). 

9. whose radius is 10 and whose centre is (—5, —6). 

10. whose radius is \/a 2 -6 2 and whose centre is (-a, -b). 

. whose radius is a-\-b and whose centre is (a, —6). 
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Find the equation to the circle passing through thej>oints 

12. (0, 0), (a, 0), (0, 6) u \)J) 

13. (1, 2). (3, -4), (5, -6) /^ ^ (J&K) 

14. (I, 1), (2,-1). (3, 2) W 

Xo/'ia, b), l a , —b), (a + b, a—b) 

Prove that the equation of the circle circumscribing 
the triangle formed by the lines 

x\y =6, 2#-|-y=4, and x+2y=$ 

.*. /> x i -\-y i — I7x— 19^/4-50 = 0 

Find the equation of the circle which passes through 
the point* (4, 2), ( — 6, —2) and has its centre on the y- axis. 

\j& Find the equation of the circle which passes through 
the points (1, —2) and (4, —3) and whose centre lies on the line 

3z + 4i/ = 7 

M9. Find the equation of the circle which passes through 
(4, 1 ) afid (6, 5) and whose centre lies on the line 4x-\-y — 16=0 

Find the equation of the circle which passes through 
the origin and cuts off intercepts equal to 3 and 4 from the axes. 

Find the equation' of the circle which passes through 
the origin and cuts off intercepts equal to h and K from the 
positive^arts of the axes. 

Fj/fa Uie equation to the circle which 

X 22 ^/touches each axis at a distance 5 from the origin. 

touches each axis and is of radius “a”. 

Find the equation of the circle the co-ordinates of the ext e- 
mities of whose diameter are 

24. (0, 1) and (1, 1) 

25. [a, b) and (c, d) 

26. (-2, —3) and (5, 4) 

27. (1, 1) and (5, -1) 

28. (3, 4) and (2, —7) 


(J &K) 


"19. 

(4, IF 


the o 



CHAPTER IX 

TANGENTS AND NORMALS 

9.1. Tangent. Def. Let the two neighkourirg points 
P and Q be taken on a curve. -y- 

Join PQ; then PQ is called a 
secant. Let the point Q start 
moving along the curve towards 

P taking positions Q,, Q,,. 

Then TPT, which is the limiting 
position of the line PQ when Q 
moving along the curve ultima¬ 
tely coincides with P is called 
the tangent to the curve at P. 

9.3. Equation of the tangent. 

the ci°J nd tke at the point of 

poinVlyi^on^egiJen ctcle. P ° int and *** *> an V other 

zf+yS^a* 

and r .. 2 

. . *2 -rVz “=a- 

Subtracting (t) f rom (,'<)_ we ge( 

(V-*, 2 )+(y 2 * =0 

(*2+^,) (y 2 —y l)=0 

or (».+»!) % ) 


. • • ( 1 ) 
...(«) 
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or 


y»-yi 

X 2~~ X 1 


X 2 ~ L X 1 
2/2+2/i 


...(Hi) 


Now the equation of PQ, is 


y - y i= y x 'z.l\ (*-*i) 


,..(iv) 


Substituting — X * for ——— [as obtained in (in)] in (iv), 

2/2 + 2 /i ^2 — x j 


we get 


y - y ' = ~^ (x ~ Xl) 


...(v) 


[v of (*)] 


Equation (v) will give the equation of the secant PQ. This 
secant will become the tangent at P, if Q, moves up and ulti¬ 
mately coincides with P, i.e., iCx 2 ->x l and 3/2 ^"2/i- Thus in sue 
a case the equation ( v) becomes 

y-yi-~ 

yyt-yi , “-* r i+*i a 

xx x -\-yyi— x i ~\~yi =a2 

xxj-f yyi=a 2 

gives the required equation of the tangent at the point F(x lt yj. 

9.4. Equation of the Normal. 

^To find the equation of the normal at the point (x lf yf) of 
the circle x'+y* = a*. 

The equation of tangent at (x v 2 / 1 ) is 

xx x +2/2/i =° 2 - 


or 

or 

Hence 


Slope of (i) 

... slope of the normal 


£1 

2/1 


2/1 


*1 

(v the normal is _L to (i) and m{m % — — 1) 
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•\ the equation of the normal is 

y- Vl =-Hi- (*-*,). y-V^rn(x-x ,)] 

X l 

or x,y— xt/i =0 


which is the required equation. 

Note: (1) The equation of the normal shows that it 

passes through ( 0 , 0 ) which is the centre of the circle 

x i -\-y 2 —a i 

Note : (2) The point (a? lf y 2 ) is called th cfoot of the normal. 

9.5. To find the equation of the tangent at the point (a?,, y J 
of the circle 

x 2 +y*+2gx+2fy=c. 

Let P(z lf y x ) be the given point and Q,(x 2 » y 2) an Y other 
point on the curve. Then 

*i 2 +yi 2 + 2 0* 1 +2/y 1 +c=0 ...(i) 

and V+2/3* + 2 ^ a + 2 /y 2 +c =0 •••(»») 

Subtracting (i) from (it), we get 

{x i *-x*)+(y i *-y*)+2g{x 2 -x x )+2f{y 2 -y l )=Q 
or (* a +ari)(a: 2 -* 1 ) + (y a +y 1 )(y,-y 1 ) + 2gr(x a -a: 1 ) 

+ 2 /lSfo—Vi)“° 

or [(^+* I )(a^-* 1 ) 4 - 2 jt^-* 1 ] 

+[(2/2+2/i)( 2/2 “ !/i) + 2 /(2/2- 2 /i )]= 0 

(Please note this step) 

or (as,-*J(* 1 +*k+2g)+(y 1 -y 1 )(y 1 +v I +2/) =0 


or J/2-2/1 __ x l +x l +2g 

^“*1 2 /i+2/2+ 2 / 

Now the equation of PQ is 

x 2 * C 1 


...(in) 


...(tv) 
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Equation ( iv ) will become the equation of secant PQ, if we 
substitute —for ——— [obtained in (in)] in it. 

2/1 + 2/2-H 2 / x 2 - x x 


Thus the equation of the secant PQ, is 

x 1 -\-x 2 -{-2g , x 




Again the secant PQ, will become the tangent at P if Q. 
moves up and ultimately coincides with P, i.e., x 2 —>x 1 and 
2/ 2 —> 2 / 1 * suc ^ a case e( l ua ^ on ( v ) becomes 

or yyt-yS+fy-fy^-axi+^-vx+Wi 

or xx l -\-yy 1 +gx+fy=Zi*+y 1 2 +gxi-\-fyi 

(Please note this step) 

Adding {gx^fy^c) to both sides, we get 

xx l -\-yy l -\-g[x-\-x i )->rf{y-\-y l )-\-c 

=x*+y l 2 +2gx 1 +2fy i +c=0 

[Making use of (i)J 

Hence xx 1 +yyi+g(*+ x i)+%+yi)+ c = 0 

gives the required equation. 

9.6. To find the equation of the normal at'fthe point (x v y 1 ) 
of the circle 

x*+y*+2gx-\-2fy+c=0 

The equation of the tangent at (x lf y x ) is 

« 1 + Wl +»(*+*,)+/lir+3r l )+-o (Art . de 9 5) 

This can be written as 

x{x l +g)+y{yi+f)+g x i+fyi+ c= ® 

_ *1+0 
2 / 1 +/ 


Slope of (i) 
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But the normal is _L to the tangent 

Vi 4”/ 

the slope of the normal = 

... the equation of the normal at (x v y x ) is 


or 


V\ +f (x—x ) 
y-y'=xrTg {x ■’ 

y (xj+g)—*(yi+f)+ f *i 


-gyi=° 


which is the required equation 


Note : Important 

(1) Rule to write down the equation of the tangent at 
the point (x,, y 4 ) of a circle. 

In the equation of the circle, change x'to xx v y 2 to yy u 
x to $(x and y to \(y+y ,)• 

If the numerical values of x x and y x are given, substitute 
them in the above result. 

(2) Rule to write down the equation of the normal at 
the point (x p y x ) of a circle : 

(t) Write down the equation of the tangent at (a?|, yand find 
the slope of this tangent. 

(ii) Find the slope of the normal. 

This will be=— 3hpe J tu ton?ei{ 

(at) Write down the equation of the normal at {x v y x ) by using 

y—y l =m{x—x l ) 


A Circle and a Line 

9 . 7 . Points of intersection. To find the points of inter- 
section of the line y=mx+c with the circle £ a -h !/*=<** 

The equation of the circle is 

x*+y*=a* 


...( 1 ) 
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The equation of the line is 

y=Ttix -f- c ...(2) 

Now in order to find the points of intersection of the line 
with the circle, we solve (1) and (2) simultaneously. The 
process is given as follows :— 

Substituting the value of y from (2) in (1) we get 

x 2 -\- (mx-\-c) 2 =a 2 

or (1 -\-m 2 )x 2 -\-2mc.x+(c 2 — a 2 )=0 ...(3) 

Equation (3) being a quadratic in x gives two values of a;. 
Let these be x x and x 2 . 

Substituting x x and x 2 for x in (2), we get y x and y 2 , the 
corresponding values of y, as under :— 

y x =mx x -\-c and y 2 =mx 2 -\-c. 

Thus (x x , mx x +c) and (x 2 , mx 2 \-c) are the points of inter¬ 
section of the line y=mx-\-c with the circle x 2 +y 2 *=a 2 . 

Note : The point (or points) of intersection of a straight line 
with a circle is always obtained by solving simultaneously the 
equation of the st. line and that of the circle. Similar method is 
adopted in the case of other curves as well . 

9.8. Length of the intercept 

To find the length of the intercept made by the circle 

on the line y=mx-\-c. 

Let the line y=mx±c meet 
the circle in A and B. 

From O, draw OL X on ^B. 

Then AL—LB. 

Join OA and OB. 

Now from the right-angled 

triangle ALO, _ 

AL = VOA2-OL 2 

But OA = a, 

OL = length of the perpendi- 
cular drawn on the line y=mx-\-c 
from (0, 0) 
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(Article 6.1) 


y/\ -\-rrC' 


AL 


= V ' 


-f rrv 


Hence AB=the length of the intercept 2AL 


= 2 n/ 


1-f m 2 


9.9. Condition of tangency. 

To find, the condition tut the line y=mx+c may touch Ue 
circle 


First Method : (Method of Intersection) 

The equation of the line is y=mx -fc 
and that of the circle is *- + y**a* 

• . r 


...( 1 ) 

...( 2 ) 


i that oi me circic * *r y - „ . r . 

In order to find the points of-intersect!,on.of the lme vvi 

the circle, we will substitute the value of y from (D i > 


This will give 


or 


a^-Hros-f c) 2 = a.* 
x 9 - (1 + ™ 2 ) 4- Zmcx + (c 2 - a 2 ) = 0 


...(3) 


This is a quadratic in x, and the line will touch the circled 
the two roots of (3) are coincident, which requires its discnmt 

nant to vanish. 


4m 2 c 2 -4(l+m 2 )(c 2 -a*)= 
or m*c 2 -(c 2 -a 2 + m ? c 2 -m 9 a 2 ) 
or c 2 = a 2 (l+m 2 ) 


0 

:0 


• • 


c = 

which is the required condition. 
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Second Method : (Intercept Method) 

In Article 9.8, we have seen that the length of ithe 
made by the circle .r 2 +y 2 =a 2 on the line y = mz+c is 


intercept 



i N u W r if L t . he - line y tQuchGS the circle x 2 +y 2 =a 2 , the 

Iength J of this intercept must be equal to zero . 



or c 2 =a 2 (l-f -m 2 ) (v 2^0) 

•\ c=±a\/l + m2 

which is the required condition. 

Third Method : (Method of tangent-property) 


If the line touches the circle, 
then the length of the perpendi¬ 
cular drawn from the centre 
(0, 0) of the circle on it must be 
equal to the radius of the circle. 

.-. ±— — C — =a 

n/1+w 2 

(Article 6.1) 



y mn+C 


or c = ±a\/l-b m2 

which is the required condition. 

Note : In order to find whether a particular line touche 8 a 
given circle, the third method should be preferred. This method 
will not , however , give us the point of contact. In such a case 
the student should adopt the first method. 

9.10. We have seen above that in order that the line y=mx-fc 
may touch the circle x 2 +y a =a 2 , c must be equal to ±a y/l + m*. 


TANGENTS AND NORMALS 


137 


Hence the equations of the tangents to the circle x 2 -fy 2 — a 3 in 
the slope form are 

p=mx±av/l -\-m 2 

Note: The student must bear in mind that the methods for 
finding equations of tangents explained in Articles 0.3 ajui 0.5 
have to be adopted if the point of contact is given. Otherwise , he 

can very safely suppose the lines y= mx±av/ 1 + m- to be the 
tangents to the circle and evaluate “m” with the help of the 
conditions given in the question. This is illustrated below :— 

Illustration : (1) Find the equation of the tangent to the 
circle x 2 -\-y 2 =* 9 at the point (3,2) 

Sol. Here the point of contact is given, 
i.e. x x =3, y= 2 

changing a: 2 to 3x and y* to 2y the required equation 
becomes 

3x+2y=9 (v xx 1 +yy l =a 2 ) 

Illustration : (2) Find the equations of the tangents to the 
circle x 2 fy J =25 which are inclined at an angle 30° to the 
axis of x, 

Sol. The equation of the circle is 

s a +2/ 2 =25 

Here a 2 =25 <z=5 

Now that we have not been given the point of contact, we 
can find the equations of the tangents as under : 

Let y—mx±_ayj 1 +m*...(l) be two equations of the tan¬ 
gents 

a = 5 ; m = tan 30°= —L. 

\/ 3' 

(1) becomes 

■"A 1 -- 5 V'+T 

OV)=7T 7T 
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or s-VT-hlO --0 and x — *J 3 y- 10=0 are the required 
equations of the two tangents. 

9.11. Parametric Form of the equation of the circle 

x 2 _|_y2^ a 2 



Here (0, 0) is the centre of the circle and "a” the radius. 
Let P (x, y) be any point on the circle. Join OP and draw 
PL J_ on OX. Let /XOP=0. Then OP = o 

Now from the right-angled triangle OLP 

OL—X = OP cos 0=o cos 0 
and PL = */=OP sin 0 = a sin C. 

Hence the co-ordinates of any point P on ths circle x 2 -fy = a 
are (a cos 0, a sin 9) and the two equtions x = a cos 0, y # a sin 
0 taken together are known as the Parametric Equations oj 

the circle x 2 +y 2 =a 2 


Note : The point P (a cos 0, o sin 9) is briefly written as 
“0”. Thus the point “0,”,. will mean (o cos d v a sm 0j) and 

“0 2 ” will mean (a cos 0 2 , « s™ %)• 

9.12. To find the equation of the chord joining the luo points 

“0 ” and “0 2 aJ on the circle x 2 +y 2 = a. 2 . 

1 The two points <-0,” and “0*” are (a cos 0,, a sin 0,) and 
(o cos 0 2 , a sin 0 2 ) 
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Hence the equation of the chord joining these two points 

a sin 0 «—a sin 0 ./ „ \ 

n cjn 0 = - - -ttI z— a cos °i J 

y a sin a CQS _ a cos 0 jV / 

sin 0o — sin 0 ,/ ^ \ 

= - 7 c -k( x—a cos bj ) 

cos 0 o — cos 0 iV / 


n 02“f • ^2— ®1 

2 cos -^psin 


0 . ^2 ^ 1 * 0£ ^1 

-2 sin -^—sm 2 


(x—a cos 0 j)i 


cos 


01 + 0; 


or y—a sin 0 X = 


• 0i~h e 2 
—sin 2 ~ 


(x—a cos 0 ,) 


or —y sin^~ 2 4 -a sin 8 r sin ] y - 2 


0i+** „ Me a 


= X COS * g —- a C0S ®1* cos 


or x cos 


®i+®2 , .. 


. , 0,+Oo 

-f y sin *2 = a cos ^i* cos ~~ 2 ~“ 

i 'O' 

-fa sin 6 V sin — ^ * 


=a cos ^ flj— 


e,+0 2 


) 


= a cos 


01-9; 


Hence the required equation of the chord is 

0j-f0 2 . 0i“f®2 @1 — ®2 

* cos -i-g-l + y sin -L^J=a cos -±y- 
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Cor. The above equation becomes the equation of the tangent 
at ‘<0,” if 0 # -*0 1B 

Thus x cos Oj-j-y sin 0j=a 

is the equation of the tangent to the circle x 2 -J-y 2 =a 2 at the point 

*<f) 99 

Note : The equation of the normal to the circle x 2 +y*=a i 
at the point “0” is 

x sin 0—y cos 0 = a. 


Solved Examples 

Ex. 1. Obtain the equations of the tangent and normal 
to the circle 

x 2 -\-y 2 —2x— 10y-|-2l =0 
at the point (—1, 4). 


Sol. Here x y = — \ and y x =4 

changing x 2 to xx 1 = — x, y 2 to yyi = fy, % t0 
i(«+a: 1 ) = i(a;-l), and y to i(y+y,) = Hy+ 4 )> 

•we get the equation of the tangent at (— 1, 4) as 

— x-\-*ty—2.\{x— 1) — 10.J(y+4)+21 = 0 

or — x-\-\y— (x— 1) — 5(y+4)-j- 21 =0 


or 

or 

nvhich is the equation 


-2x—y-{-2=0 
2x+y=2 
of the tangent. 


Now slope of the tangent —— 2 


slope of the normal— ^ 




or 

or 


Equation of the normal at (— 1, 4) is 

y —4 =»!(*+ 1 ) 

2y-8 = a:4 1 

x-2y-\-9 = 0. 
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Ex. 2. Find the condition that the line lx+my+n=0 may 
touch the circle x 2 +y 2 =a 2 . Find the point of contact, if the 
condition is satisfied. (^* U. 1956) 


Sol. The equation of the line is 

lx-\-my+ 7i=0 •*•(!) 

and that of the circle is 

x 2 +y 2 =a 2 ...(2) 

Let (x 1% yj be the point of contactjjjn the equation of the 
tangent at [x lt y t ) to the circle is 

..-(3) 

Now (3) is the same as (1) 

comparing coefficients, we get 



£i_ = Vi _~ g2 
l m n 



and 



nia 2 

n 


Now (x„ 7/,) lies on (2) 

^i 2 +2/i 2 = « 2 ...(4) 

Substituting — ~ and —for x 1 and y { in (4) 
respectively, we get 

l 2 a* m 2 a 4 

l,r+'„»-= aS 


or (l 2 -\-m 2 )a 2 —n 2 

which gives the required condition and thefpoint'of contact is 

lo, 2 ma 2 \ 

~n ’ n )' 

Ex. 3. Show that the line 3x4-47/-f 20=0 fc touches the circle 
* 2 +2/ 2 = 16, and find the point of contact'also. (P-U.) 

Sol. The equation of the line is 

3s+4y+20=0 ...(1) 
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.and that of the circle is 


z z + 2/ 2 =16 ...( 2 ) 

Substituting the value of y ( = — — ^ 2Q ^ from (1) in 
{2), we get 

x *+( W0)^ l6 

or 25x*4-120a;+144=0. ...(3) 

If (1) touches (2), the roots of (3) must be coincident, i.e., 
*he discriminant of (3) must be zero. 

Now the discriminant is (120) 2 —4.25.144 which is ^evidently 
equal to zero. 


Hence (1) touches (2). 

Also each of the equal roots of (3) = — ^ 

the line touches the circle at the point where 

Us — 

Substituting this value of x in 


sJUs-t-£.VJ 

y= — 7. 



we get y= — V* 

Hence the point of contact is (—V* — V)* 

Find the equations of the tangents to the circle 
x 2 +y 2 —2x— 4y—4*0 


Ex. 4. 


which are perpendicular 


to the line 

3 a;—4^/—1=0 


(P.U. 1955) 


Sol. The equation of any line _L to the line 

3a;—4 y —1=0 is 

4rx-\-3y+k=0 •••(!) 

Now if (1) touches the circle 

x *j r y*—2x— 4y—4= 0 
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then the length of the perpendicular drawn from (1, 2), the 
centre of the circle, must be equal to 3, the radius of the circle 


i.e., 


or 


or 


4xl+3x2+& 

± y/16 + 9 - 3 ‘ 

4464 -* 

zh c — 0 


This gives 
Hence (1) gives 


10 +*=±15 

*= 4-5, -25 


4r-f3y + 5 = 0 and 
4x+3y —25 = 0 

which are the equations of the two tangents. 



Exercise 13 


Find the equation of the tangent to the circle : 

1. 4* 2 +4y 2 =25at(-!, “2). 

2. 2x 2 -\-2y 2 +Zx—4y+ 1 =0 at ( — 1, 2). 

3. # ! -f y 2 = 10 at the point whose abscissa is 1. 

4. x* + y* + 2gx+2fy+c = Q at (0, 0). 

5. s 2 -ft/*--4z+2y+3 = 0 at (1, -2). 


Find theequatibn of normal to the circle : 

6 . a; 2 4 - 2/ 2 => 169 at (5, -12)." 

7. a; 2 +y 2 -4x-f2t/ + 3=0at ( 1 ,- 2 ). ' 

8. 4x* -f-4y 2 =25 at (—f, —2). 

9. 2x*+2y 2 +3x—4y+ 1=0 at (—1, 2). 


10. x 2 y 2 = 


a*b 2 

a* 4 6 * at 


ab 2 a J b \ 

a*-f6 2 ’ o*4-6V* 
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Find the points of intersection of: — 

11. the line x— 2y-f-10=0 and the circle x % -ft/ 2 =25 

12. the line y=mx-\-a and the circle x*+y 2 = a *. 



the line 3x+4y-j-7=0 and the circle 





x 2 +y 2 — 4x— 6y— 12=0. 

Show that the line 3x+4y+20 = 0 touches the circle 

(P-U.) 

circle 


kfliW TT WAAM V V1AV AAAAVs -1 y ~ 

= 16. Find also the point of contact. 


Prove that x =7 and y = 8 touch the 
x c - 6y—12 = 0 and find the point of contact. 

Find the condition that the line Az-j-By -f-C =0 mai 
jto^ch^the circle x 2 -\-y 2 =a 2 . y 

Find point of contact, if this condition is satisfied. ^ 

^condition that A.r-f By-pG=0 may touch the 

circle / (*-o)*+(y-6j«=c«. 

18 ^Find t\le length of the chord joining the points in 
which the straight line 

a o 


meets the circ 





x 2 +y 


2 __ y.2 


19’ Find the length and middle point of the chord inter¬ 
cepted b^me^cireje x 2 +y 2 =a*. on the line y=px+q. 

20. Find the co-ordinates of the points where the line 
y = 2x + \ cuts the circle x*-\-y 2 =2. Also find the length of the 

chord intercepted. ? 


21. For what value of k will the line 4z-}-3y4-& = 0 
touch the circle ^ 2x 2 -f- 2y :2 — 5x. 

22. Find the equation of the circle which has its centre at 
the point (1, —2) and touches the line x + y f5=0. 
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1 


23. Find the equations of the tangents to the circle 
« 8 -fy*=4 whiph are inclined at an angle of 60° to the axis of x. 

ind the equations of the tangents to the circle 

- y*<=4 

’i) which are parallel to the line 

z+2y±3=0; > 

c(tt) Which are p arallelJoJhfe axis of y. 

Zft. Find the equations of the tangents to the ~~~ci«de 

4 = 0 which are parallel to the line j 

3 x _4t/-1=0 - —'^ 




Find the equations of the tangents to the circle 

(0 z-+ 2/ 2 =9 which are perpendicular to x—y —1=0 

(u) x*+y 8 —-2*—4y—4=0 which are perpendicular to the 
line 3x—\y— 1=0. 


\ 




CHAPTER X 

A CIRCLE AND A POINT 

10.1. Position of a point with regard to a circle 

To show that the point (x\ y') lies outside, on, or inside the 
circle 

x*+y*+2gx±2fy+c=0 

according as the quantity 

x" 2 -\-y' 2 -\- ( lgx' -\-2fy' A-c is positive , zero, or negative. 
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Let O be the centre of the circle and P(x', y') the given 
point. 

Case I. If P lies outside the circle, as in fig. ( i ) then OP is 
greater than OQ, i.e., the distance between the centre and the 
given point is greater than the radius of the circle. 

i.e., v'(.r'4-(7) 2 + (y'4-/) 2 > Vg*+f*-c 

. or . (*'+<7) 2 'f(»/'+/) 2 > g*+f*-c 

which gives 


x ' 2 4- y' 2 4- 2gx' 4- 2/y' c > 0 

If P lies on the circle, as in fig. (*7) then OP is 

equal to OQ, 

i.e., the distance between the centre and the given point is 
equal to the radius of the circle. 

** c, » >/( x ' + g) ? +(y'+f)- = Vg 2 -\-p- c 

or (*'4-<7) s 4-(i/'-t/) a 

which gives 

x ' 2 + y' 2 r 2gx'+2fy' + c = 0 

is lessThi! OQ f P lieS inside the Cirde - as in fi S- <*'«>. ‘hen OP 

les/ihafthe^^ofTe'drcle 6 and th <= given point is 


i.e., vV-t'-?) a +(j,'+/,« < 

or (*'+!7) s +(y'+/) a < g*+F-c 
which gives 


x -fy 2 4-2gx'-f2fy'-f c <0 

accost gZntiUj ^ ^ 


x 2 + y' 2 -f2gx' + 2fy'-f c 
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10 2. Two tangents from a point 

To show that two tangents can be drawn to a circle from a 
'point, and these tangents will be real and distinct, coincident, or 
imaginary, according as the point is outside, on, or inside the 

circle. 

In Article 9.10, we have shown that 

y=.mx\a\f 1 -f m* 

is the tangent to the circle x*-\-y 2 =a l for all values of m. 

Let it be drawn from 

P(*i. Vi) 

y l =mx l -\-a>/l+m 2 

or (y 1 -mz 1 ) 2 = ®*(l + w2 ) 
or mW*a 2 )- 2w>a: 1 2/ 1 
-f-(2/i* - a 2 ) = 0...(1) 

Now (1) is a quadratic 
in m giving two values of m. 

These two values of m will , , 

represent two slopes of the two tangents that can be drawn to 

the circle a~-f?/ 2 = a a f rom the P oint y^ m 

Hence two tangents can be drawn to a circle from a given 

point. 

Again these two tangents will be real and distinct, equal, or 
imaginary, according a s the roots of (1) are real and different, 

coincident, or imaginary. 

i e., the discriminant of (1) is +oe, zero, or-ve 

t.e., 

or, x’y, 2 —(x,'yi - x i a * —“V*+° 4 ) 




ii 2 a 2 +«V " fl4 
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t.e., the point (x L , yj lies outside, on, or inside the circle 
x 2 -\-y*=a 2 . (Art. 10.1) 

Director Circle 

10.3. To find the locus of the point of intersection of two 
perpendicular tangents to a circle . 

We know that y=mx + a\/1 -f m i is the tangent to the circle 
x-+y 2 —a* for all values of m. Let it be drawn from the point 
i x i> Vi)* 

y x ~ mx 1 -{- as/ f+m 2 
or {Vi—mx l ) 2 =a *{\-f w 2 ) 

or ’n*(x*-a*)-2x iyi m+{y x *-a*)=0 ...(1) 

Now (1) gives two slopes of the two tangents that can be 
drawn to the circle x'-+y*=a* from the point (x v y x ). 

These two tangents will be perpendicular to each other if 
the^product of the two values of m (t.e., of m, and m 2 ) is equal 


Now from 


or 

or 


(D. "*« • 

*V| ■“ CL 

m L m 2 = — 1 gives 

y*-a 2 . 

V-a* = “' 1 
y l *-a*=- x *+a 2 
x * + yi 2 = 2a 2 


Hence the locus of the point ( x lf y } ) is 

x '+y 2 = 2a 2 

which is a circle called the Director Circle. 

resvMng “* ^ <0 * and * *> V » «< 
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Equation of the pair of tangents 

10.4. To find the equation of the pair of tangents drawn 
from the point {x v , yf) to the circle x i -\-y i =a 2 . 

Let P(x- It yf) be the 
point from which the 9 
two tangents are r +. 

drawn, and let PT 
and PT' be these ^ 

two tangents drawn 
from this point. Let 
Q, ( x , y) be any other 
point on the tangent 

PT. 

Suppose that T 

divides PQ, in the \ ^ 

ratio k : 1. 

Then the co-ordinates of T are 



/ kx+x x ky + y { \ 

v. k+i * k+1 ; 

Now T lies on the circle 



or 

or 



(kx -f- xf) 2 -f {ky -f- y x ) 2 =a 2 (k +1 ) 2 
k'{x* +y % - a 2 ) + 2k{xx l -f yy ,- a 2 ) 

+ (*i 2 +2/i 2 -a 2 ) = 0 



... PQ touches the circle, (l)must have two equal values 

° f (xx l +yy 1 -a 2 ) 2 = 4(x*+if-a*)(x l i -\-y 1 2 -a 2 ) 

or (x 2 +y 2 -a 2 )(x 1 2 4-y, 2 -a a )=(xx 1 +yy 1 7 a2 ) 2 
which gives the required equation of the pair of tangents. 

Note * The equation of the pair of tangents drawn from 
K x lt y x ) to the circle x 2 +y 2 =a 2 can be briefly written as under : 

SSjssTj* 
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where 


S =.r*-H/ 2 -a 2 
Si - 


and T l =xx l + yy t -a l 

Explanation of the above notation : 

{ i) S = 0 is the equation of the circle 

,r 2 -f y 2 —a 2 = 0 

Hi) S, is the result after substituting the co-ordinates (*,, y,) 
in S, and T, = 0 is equation of the tangent to the circle S ^0 

at (I,, y i). 


Illustration: , 

Find the equation of the pair of tangents drawn from the 

point (2, 2) to the circle x 2 + y 2 = 1 

Sol. Here S = 1 

S 1 =(2) 2 +(2) 2 — 1 — 4q-4 — 1 = 7 

T l ='2x+2y-\ 

the required equation is 

7 (* 2 + t/ 2 - 1) = (2*4-2 y -1 ) 2 .(SS 1 =T 1 2 ) 

or 7 a- 1 +7y 2 - 7 = 4.r 2 + 4/ + 1 + 8xy- 4 y - 4* 


or 3.r +3t/ a - +4a;+4 ?/ - 8 = 0 

Equation of a chord in terms of its mid-point 

10.5. To find the equation of a chord of the circle x 2 4- ?/ 2 =a 3 
whose mid-point is (aq, y x ). 


Let P(.r 2 , y 2 ) and Q(.r 3 . t/ 3 ) be 
the extremities of the chord PQ, 
and y x ) its mid-point. 

Then 

. x - x * —x t or a* 2 4-a.'3=2x* 1 
and cs y i or y^y z ^2y Y 

Now P(* 2> y 2 ) and Q.(* 3 , j/ 3 ) lies 
on the circle x*-\-y 2 =a 2 
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•• ar 2 2 -j-y 2 2 =a 2 

Subtracting (1) from (2), we get 

(V«V)+(y 3 , -y« , )“ o 

OF (^3 + ^2)(^3-^)=-(2/3 + 2/2)(2/3-y 2 ) 


...( 1 ) 

...( 2 ) 


or 


2/3—2/2 _ jr 3 + *2 _ 


*3“ *2 


2/3+2/2 


= slope of PQ, 


{Please note this step) 

given^b e( ^ ua ^ on the chord PQ, [through {x v y x )] is 


2/ 2/i = 


(*_*) 

X 3~ x l ' " 


(•.•slope of PQ=^g~) 


or 


2/-2/i=- 


^4-^2 

2/34-2/2 


(*-*,) 


2/3-2/2 _ ^34-3^2 ^ 

\ * ^3—^2 3/*+y* / 


2/34-2/2 


or 


y~Vi 


_ 2ar 2 


(*-*1) 


/. . ^2+*a — 

l' yt+y^yj 


or 




y-yi=--=r f*-^) 

2/i 

or 2/2/i-2/i 2 =-^i4-^i a 

°r «i4-yyi=xi 2 4-yi 8 

which is the required equation. 


...( 3 ) 


Note: (Important) 

Equation (3) can be put as 

xx x 4- 2/2/i—« 2 =^ 1 2 4- 2/i 2 — fl2 
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or x x *-\-y^—tf-xXi+yyi—a 2 

or S 1 =T 1 

which is the abridged form of the chord. 

Explanation : 

(i) S = 0 is the equation of the circle 

—a a =0 

(it) S, is the result of substituting the co-ordinates {x v y x ) 
in S, and 

(tit) Tj=0 is the equation of the tangent to the circle S = 0 
at («i» y,). 

Hence the equation of the chord of the circle x 2 -\- y 2 =a* in 
terms of its mid-point (aq, y x ) can be briefly put as 

S 1 =T 1 

where a 1 

and T 1 =xx l +yy l ~a 2 

The Diameter 

10.6. To find the locus of the middle points of a system of 
parallel chords of a circle. 

Let the equation of the 
circle be 

Let m be the slope of the 
parallel chords, and M{x lf a x ) be 
the mid-point of one of such parallel 
chords PQ,. Then the equation 
of PQ,in terms of the mid-point is 

xx i+yyi=xi'+ yi * 

Slope of (1) 

y i 



...(1) (Article 10.5) 
...(supposed above) 
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This gives = -L* 

m 1 

the locus of (a? lf 7 /,) is 


y=-—x 

m 

which is a st. line passing through the origin , i.e., through the 
centre of the circle, and is called the Diameter of the circle. 

Hence , the locus of the middle points of a system of parallel 
chords of a circle is called a Diameter. 

Length of the Tangent 

10.7. To find the length of the tangent from the point (x lt yf) 
to the circle x*+y s +2gx-\-2fy -j c= 0 . 

Let P(x lf ?/,) be 

the point, PT the __ T 

tangent from P to the fo I 

contact, and C( - g , -/) , \ 

the centre of the circle. * / \ 


Join CT and CP. 
Then from the right- 
angled ACTP 

PT 2 —PC 2 — CT 2 

...( 1 ) 


(•3-f) 


..Now 


and 


(Ogives 


PC 2 =[{* 1 -(-<7)} 2 +{2/ 1 -(-/i} 2 ] , , . 

(Distance formula) 

= (.^i+!7) 2 +(y 1 4/) 2 
=*, 2 +y, 2 -t- 2gx l + 2f Vl + g’+p 
CT 2 =(radius) 2 = 3 *+/ 2 —c 


Hence 


PT 2 = (x *+ y? +2 gx x + 2fy l + g*+J 2 ) - (<7 2 +J 2 - c) 
= Xj 2 -f y 2 + 2gx l -f 2 fy x -f c 

PT = -v/x^ + y t 2 -t- 2gXj + 2fy! + c 
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Note : Working rule to find the length of the tangent 
from a given point to a given circle. 

In the L H.S. of the equation of the circle (after making the 
coefficients of x- and y 2 each equal to unity, if necessary), substi¬ 
tute the co-ordinates of the point, and take the square wot oj the 
result. 

This will give the length of the tangent. 

Illustration : Find the length of the tangent drawn from 
the point (1, — 1) to the circle 

2x*+2y*-6x- 3y + 17=0. 

Sol. The equation of the circle can be put as 

a .2+y*—3x —(Please note this) 

the length of the tangent from (1, —1) 

= V(D r +(-i) 2 -3(i)-i(-i)TV=V9=3 


Chord of Contact 


10.S. Def. If from any point P outside a circle two tangents 
PT and PTbe drawn to the circle, the straight line 7\T 2 joining 
the points of contact is called the Chord of Contact of tangents 

from P. 

To find the equation of the chord of contact of tangents drawn 
to the circle x 2 f y*=a? from the external point fi, k)). 


Let P be the point 
(h, k) and T, and T, the 
points of contact of the 
two tangents drawn from 
P to the circle. Let 
(x v y,) and (x 2 , y 2 ) be the 
co-ordinates of and T 2 
respectively. 

The tangent at T, is 

.rx t + 2/!/i=a; •••(!) 

and that at T 2 is 

yU‘Z~ •••(^) 

Since both these 
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tangents pass through P ( A, k), we have 

^ a h+%i=o a ...(3) 

and hx 2 + ky 2 = a *...( 4) 

Now, (3) and (4) show that a straight line 

hx+ky^a 2 

passes through (x v y,) and ( x 2 , y 2 ), and this, therefore, represents 
the equation of the chord of contact. 

Note : Equation of the chord of contact of the tangents 
drawn from (h, k) to the circle x 2 +y 2 +2gx+2fy -f c= 0 is 

hx+ky+g[x + h)+f(y + k)+cc=0. 

Pole and Polar 

10.9. Def. The locus of the •point of intersection of tangents 
drawn to a circle at the extremities of any chord passing through 
a fixed point is called the Polar of the point, and the point is 
called the Pole of the line. 

Explanation : 

If from a point P, a chord is drawn to cut the circle in T, and 
T 2 , and tangents drawn 
at T, and T 2 meet at Q, 
then the locus of Q, is 
called the Polar of the 
point P with respect to 
the circle. The point 
P is called the Pole 
with respect to the 
circle. 

In the folio -ving 
Article, it will be shown 
that this locus is a st. 
line. 

10 10. Equation of the Polar of a point. To find the 
polar of the point (h, k) with respect to the circle x*+ y*= a 2 . 
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Let P be the point (k, k). PT,T 2 is drawn to cut the 


circle in T, and T 2 . Let the 
tangents drawn at T, and T 2 
meet at T(.r, ,y x ). Then we 
have to find the locus of T. 

Now equation of the 
chord of contact of T (aq,^) 
is 

xx i + 2Wi=a a ... 

(Article 10*8) 
This is the equation of 

TjT.,, which passes through P 



(h, k) • 


hx^ky^a* 

Hence the locus of T(x vVl ) ls the line 

hx-f ky=a 2 

which gives the equation of the Polar of the point P(A, k) 

Note : (1) The equation of the Polar of the point (h k) 
respect to the circle x l r y ‘+ 2gx -f- 2Jy -j c =0 is 


with 


A *+ty+S(*+A)+/U/+£)+c = 0. 

(2) The student should carefully understand the difference 

between the chord of contact and the Polar. The equation of the 

tangent at ( h, k), the equation of the chord of contact of the 

tangents drawn from the point (h. k). and the equation of the 

P ?, °f V°tnt (h, k) are all identical in form, but they are 
altogether different in significance. 

(3) (i) If the point P(h, k) is outside the circle, the two 

Thvrefore'its lU " P ° ints ° f Contact a ' e real - 

tangents from 5°£e & $ ® " ** ° f “ ° f 

as SJ& P S^\eC) ** *"** * *° lar “ — 
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(4) The words ( 'Pole with respect to the circle” should be 
noted. We say “Pole with respect to {briefly written as w.r.t.) 
the circle ” and not “Pole of the circle ”. 

10.11. Pole of a Line. 

To find the pole of the line lx + my+n = 0 w.r.t. the circle 
x 2 + y* = d*. 

Let ?{h, k) be the pole of the given line. 

Now the polar of P {K h) with respect to the circle 

x 2+y*=a z is 



A CIRCLE AND A POINT 


159 


hx-\-ky —a 2 =0 ...(t) (Art. 10.10) 

This is the same as 

lx -f m y -f n ==0 —(2) 

comparing coefficients of (1) and (2) we get 




10.12. Properties of Pole and Polar 

(a) Conjugate points. If the polar of a point P w.r.1 . a 
circle passes through Q, then the Polar of Q will pass through P. 

Let the circle be 

x 8 -\-y 2 = a i 

and the co-ordinates of P and Q, be (x lt yf) and (.r 2 , y 2 ) 
respectively. 

The equation of the polar of P w.r.t. the circle is 

xx^yy^a 2 (Art. 10.10) 

If this passes through Q(x 2 , j/ 2 ), we have 

x 2 x i+y 2 yi = a 2 ...(1) 

Now (1) shows that the equation 

passes through P(x Xy y x ). But x 2 x-\-y 2 y-a 2 (or xx 2 -\-yy 2 =a}) is 
the polar of Q with respect to the circle x 2 +y z = a*. Hence the 
polar of Q jiasscs through P. 

Def. Two points such that the polar of each passes through 
the other are called conjugate points. 


160 


ELEMENTARY CO-ORDINATE GEOMETRY 


(1) is the condition for the points (x lt yj and (x 2 , y 2 > to be 
•conjugate w.r.t. the circle x 3 +y 2 -a 2 . 

(6) Conjugate lines. If the pole of a line p w.r.t. a circle 
lies on a line q, then the pole of q lies on p. 


Let the circle be x*+t/*=a 2 

...(1) 

Let the equations ol p and q be respectively 

l k x 4- m x y 4-^=0 

...(2) 

Z 2 x4-m 2 t/-f7t 2 =0 

...(3) 

Then the pole of (2) w.r.t. the circle 


9.2 2 • (— a *h —a’m* \ 

*’+!' aM ( », • n, )■ 

If this lies on (3), we have 

(Article 10.11) 



or a 2 (l 1 l 2 + m J m 2 ) = n 1 n 2 

...(4) 


The symmetry of the result shows that this is also the 
condition for the pole of q to lie on p. 

Def. Two lines such that the pole of each lies on the other 
are called conjugate lines. 

(4) is the condition for the lines (2) and (3) to be conjugate 
w.r t. the circle x--\-y 2 =a l . 

(c) If OP meets the polar of P with respect to a circle in Q, then 
(i) OP is perpendicular to the polar of P. 

(it) OP.OQ = [radius) 1 where 0 is the centre of the circle. 

Let the equation of the 
circle be 

x l -\-y i =a i 

and let P be (h, A*). 

Then the polar of P is 

hx-\-ky = a2 . •••(!) 

(Article 10.4) 

Slope of (1 )=—y 
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Also slope of OP= 


k-0 
h -0 


the product of the two2slopes= 


\ X,-X l ) 


44=-i 


Hence OP is J_ to the polar of P 
(n) Again, OP= v / A 8 +&* 


...(Distance formula) 


and 


OQ,= 


y/h'+k* 


(*.* OQ,= length of _L from ( h , k) 

on hx~\-ky=a % ) 

” OPOft=Vh, + kT =a,=(rad!us)a 
Note : P and Q are called the inverse points. 

10.13. Salmon’s Theorem 

To prove that the distances of two points from the centre of a 
The other prOp0rtional ihe distances of each from the polar of 


Let A(arj, y x ) and B(x 2 , y 2 ) 

he the two points and 

x 2 +y*=a 2 be the equation 
of the circle. 

Now the polar of 

M x i> Vi) w. r. t. the circle is 
**i + 2/yx-a*=0 

(Article 10.10) 
Also the polar ofB (%, y 2 ) 

w.r.t, the same circle is 

xx i+yy 2 -a i =^o 


A (*•*•) 



O' - - 
(0.O) 


6 (*>!*) 


...(2) (Article 10.10) 
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Draw AL and BM J_s on the polars represented by (2) and 
(1) respectively. 

AL= . ^2 + ^2-a 2 

V *2 +2/> i (Perpendicular formula) 
and BM=^I 

_AL OA 

BM V' 2 2 -hy 2 * OB 

which proves the theorem. 


Solved Examples 

Ex. 1. Show that the point (1,2) lies outside the circle 

x 3 + V 2 +6rc - Sy -f- 7 = 0. 

Sol. Here the equation of the circle is 

y 2 4- 6x — 8ij + 7=0. 

Substituting 1 for a; and 2 for y in the L.H.S., we get 
(l) 2 +(2) 2 +6(l)-8(2) + 7 
= l+4+6-16 + 7=18>0 
.*. the point (1,2) lies outside the circle. 

Ex. 2. Find the equations of the tangents drawn from the 
point (4, 2) to the circle z 2 +?/ 2 =4. 


Sol. The equation of the circle is 

x 2 +y 2 =4 

Here “a”«2 

y=mx+2 \/ I+ra 2 will be tangent to the circle 
a; 2 +?/ 2 =4 for all values of m. 

Now this tangent passes through (4, 2). 

2=4w + 2\/1 +m a 

or 1 =2m-f- \/1 +7/1 2 

or (1 — 2m) 2 =(l 

(Please note this) 
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or 

or 

or 


4m 2 —4m 4-1 
3 m*— 4m 
m = 0, f 


1 -f in 2 
0 


y gives 

y =0i-+2v / r+0 or 2 / = 2 




and 

or 

or 


2/ = ^-+2v / lTV 

y = |x-f Y 

4 a—- 3?/+10=0 ... { 2) 

(1) and (2) are the equations of the tangent. 

Ex. 3. Find the equation of the pair of tangents drawn 
from the point (2, 2) to the circle x*-\-y*= 1. 

Sol. Here S=a; +y 9 '— 1 

Substituting 2 for * and 2 for y in it, we get 

S 1 = (2)*+ t 2)*-l=4+4_l = 7 

Also T,= +yy l —\ 

=xx2+yx2—\ =2x-\-2y—\ 

gives 

( x *+!/ t — I)(7)=(2*-f2jt— l )* 

7*'-+7y>-7 =4x'+4y2+8xy*+Sxy-4y~4x + 1 

3t/' - Sxy + 4x + 4i/—8 = 0 
which gives the required equation of the pair of tangents. 

zS + ^Lo w S d . \ be e< f ua t*on to that chord of the circle 
z+»,_9 which ts bisected at the point (-2 3) 

who^equ^V we P t: ^ 11 %^ 7 ^ 7 the 

have to find the equation i*^j fi . ndt In otJ } er words, we 

whose co-ordinate*! are (-2, 3). m tCrmS of its mid *P<>int * 

Here S=z«+t/ 2 -9 


or 

or 
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Substituting — 2 for x and 3 for y in (1) we get 

S x = ( —2) 2 +(3) 2 —9=4+9—9 — 4 

Also T^xx^yyi-9 

=a:( — 2) +-«/(3) — 9 = —2# + 3y—9 

(Substituting —2 for x l and 3 for y L ) 

Si-Tj gives 
4= — 2x-\-3y-9 

or 2x—3i/+13 = 0 

which gives the required equation of the chord. 

Ex 5 Tangents are drawn from the point (h, k) to the 
circle x 2 + y' = a*. Prove that the area of the triangle formed 
by them and the chord of contact is 

a(A 2 + £ 2 -a 2 ) J 

h^k 2 



Sol Let AB be the chord of contact. Therefore its 

equation is 

hx-\-ky— o 2 =0. 

Let PL be the length of the perpendicular drawn from 
P(fc, k) upon AB 


W+k'-a} 

PL_ V 


• • 
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Again, AB=2AL=2\/AP 2 -PL 2 




= 2 V 


h* -\-k 2 - a 2 
h 2 -t k 2 


the area of the triangle PAB = $.PL.AB. 

A h 2 -\-k 2 — 


Vh* + k* 


- - 2 * V- 


hP+fa—a 2 


h 2 -\-Jc 1 


a(A* -f k 2 —a 2 ) 2 
= A 2 +a* 

Note : Triangle PAB is an isoscelese triangle. Therefore 
PL, the ± on AB, will bisect AB. 


. p x * 6 - P^e that the polar of the point (/, g) w.r.t. the 
circle x 2 +y 2 =r 2 touches (x-h) 2 + {y—k) 2 =a\ if 


(A+<7k-r*)*=a*(/ 2 -f g 2 ) 

Sol. The polar of (/, g) w.r.t. the circle 

x 2 + y*=r* is 

fx+gk—r 2 = 0 ...(1) 

Uwm touch Aecirde (a:-A)»4(i/-i-)»=a 8 if the length of 

P er pcmhcular drawn from (h, k), the centre of the circle, 
upon (1) is equal to “a” the radius of the circle 

i.e., if = a 

v7 a -f 


or 


(/M ^-r*) 2 =o*(/ 2 4^) 
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Ex. 7. Find the locus of a point the chord of contact of 
tangents from which subtends a right angle at the centre of 
the circle x 2 -\-y 2 =a 2 . 

Sol. Let the point be 
P (h,k). 

Therefore, its chord of 
contact w.r.t. the circle 
x 2 -\-y 2 =a 2 is 

hx + ky — a 2 =0 

This can be written as 

= 1 ...( 1 ) 

Now the joint equation 
of the straight lines T,0 and T z O (where Tj and T 2 are the 
extremities of the chord of contact and O the centre of the 
circle) must be homogeneous of second order in x, y. This can 
be obtained by making the equation of the circle homogeneous 
with the help of (1) ...(Article 7*9) 


hx-\-ky 
a 2 



The process is shown as under : — 

(i=±S)’-o 


or 


x 2 +y 2 


h 2 x 2 +2hkxy -\-k'y 2 _ 0 

a 3 


or a 2 x 2 +a , y 2 -h 2 x 2 —2hkxy—k 2 y 2 =0 

or x 2 (a 2 -h*)-2hkxy-\-y 2 {a 2 —k 2 ) = 0 ...( 2 ) 

Now OT, will be at right angles to OT 2 

if sum of the coefficients of z 2 and y' of (2) is zero 

...(Article 7 # 4 cor.) 


i. e, if (a*-h 2 )+(* 2 kl )=° 

or h 2 + k 2 = 2a 2 

Hence the locus of P (h,k) is 

x 2 -\-y 2 =2a 2 


which is also a circle. 
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Exercise 14 

Determine the position of: 

1. the point (6, 9) w.r.t. the circle x 2 +y 2 = 100. 

2. ^the point (7, —11) w.r.t. the circle x 2 +y 2 = 10.r. 

3. the point (2, 3) w.r.t. the circle 

x 2 +y 2 -3x+2y + 5 = 0. 

4. the point (a cos 0, a sin 6) w.r t. the circle 

x 2 -\-y 2 =a 2 . 

5. the point (0, 0) w.r.t. the circle 

x 2 +y 2 +4x+y = 0. 

6. the poip^ (1,1) w.r.t. the circle 

x'+y*— 5a;— 7y+l = 0. 


V^Find the equations of the tangents drawn from the point 
(4, -2) to the circle 1 

*'+*/*= 10 

the equations of the tangents drawn from the point 

(4, 2) to the circle .r 2 -f- 2 / 2 =4. Find also the co-ordinates of 
their points of contact. 

♦ ft' e .^ u ^ tions of the tangents from the point (0, 1) 

to the ch*efe x 2 -\~y* —2x-f-4t/=0. • V 

Find the lengths of the tangents drawn 

10. to the circle 2x 2 -\-2y*=3 from the point ( — 2, 3). 

(6, thC CirC ‘ e 3x '+W-7*~6y=l2 from the point 


11 '' t0 , , the drcle x *+2/*+26i-36« = 0 from 

(fl-j-O, (1-6). 

Find the equation of the pair of tangents drawn 

13. from the point (l l, s) to the circle 

**+ 2^=65 

14. from the point (4, 5) to the circle 

2z* + 2y 2 - Qx +1 2y + 21 = 0. 


the point 
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15. Find the equation to the chord of the circle x 2 -fj/ 2 = 9 
which is bisected at the point (— 1 , 2 ). 

16. Find the equation to the chord of the circle z 2 -fy 2 =4 
whose micklle point is ( — 2 , 3 ). 

17\Frove that a chord of a circle is at right angles to the 
diametei^through its middle point. 

l^^Find/tJie locus of the middle points of chords of the 
circle x 2 -\-y^=a 2 which pass through the given point (h, k). 

l^S^rrove that the locus of the middle points of the chords 
of the circle x 2 -\-y 2 — 2 x — 6y = 10 which pass through the origin 
is also a circle. 


'*^^0. Find the equation of the chord of contact of tangents 
from the point (3, 4) to the circle 

x 2 +y 2 +4x-\-\0y + 4=0. 

1% 1. Tangents are drawn to the circle} x 2 4 y 2 - a 2 at the 
pc/ints where x cos a-ft/ sin a =p meets it.^ Show that their 


point of intersection is 


2 cos a a 2 sin a 


V 


P 


)■ 



y _gents are drawn to the circle x 2 A-y 2 =a 2 from a 

. point P on the line x=b. Prove that the locus of the 
points of the chords of contact is the circle 

b[x 2 -\-y 2 )=a 2 x. 


Find the polar of the point: 

23. (1, 2) w.r.t. the circle x 2 +y 2 =7. 

24. (4, — 1) w.r.t. the circle ±x 2 + 2y 2 = 1 1 . 

2 j. ( — 2, 3) w.r.t. the circle x 2 -\-y 2 — 4a;- 6y+5 = 0. 

26. (a, - b) w.r.t. the circle 

x 2 y 2 4 . 2ax — 2by -}- a 2 — b 2 = 0 . 

Find the pole of the straight line : 

27. x+ 2 y=I w.r.t. the circle x 2 +y 2 =5. 


A CIRCLE AND A POINT 


169 





-y = 6 w.r.t. the circle 5x 2 + 5i/ 2 «=9. 
2 ^+ 2 /+ 12=0 w.r.t. the circle 

^ 2 +l/ 2 *-4a:+3t/— 1 =0. 


10. Find the condition that the chord of contact of tangents 
from the point {x , y') to the circle x 2 -\-y 2 =a 2 should subtend a 
right angle at the centre. 

^1. Prove that if the pole of the straight line w.r.t. the 
circle x 2 -ft/ 2 =a 2 lies on the circle x 2 -\-y 2 = 9a 2 , the line is a 
tangent to the circle 9x 2 9y 2 = a 2 . 

^32. The chord of contact of tangents drawn from any point 
on the circle x 2 -\-y 2 =a 2 to the circle x 2 -\-y 2 =b 2 touches the 
circle x 2 -\-y 2 =c 2 . Show that a, b, c are in G.P. 


& 


33. Show that the lines 2x+Zy=\2 and 3z-}-2y = 2 are 
conjugate w.r.t. the circle x 2 + y 2 =2. 

0^34. Show that the points ( — 2, —3) and (—4, 1) are 
conjugate w.r.t. the circle x 2 +y 2 = 5. 


CHAPTER XI 

TWO OR MORE CIRCLES 

Angle of Intersection of two Circles 

11.1. Def. The angle of intersection of two circles is the 
angle between their tangents at a point of intersection. 

To find the angle of intersection of two circles whose radii are 
r l and r 2 and d the distance between their centres. 

Ltt C v C 2 be the centres 
•of the two circles and P the 
point of intersection. Join 
C 1 P,C 2 P, and C&. 

Then C 1 P=r 1> C 2 P =r 2 , 
and C 1 C 2 = d. 

Now let 2 /C,PC 2 -=0, 
then from the £ C|PC 2 , by 
■cosine formula, we have 

C 1 P*-fC 2 P »-C 1 C 8 » 
cos 0 = 2C;P.C 2 P 

r 1 i +r 2 2 —d i 
= 2r x r 2 

which gives 

6 = cos' 1 = r,> ~~ ^ as the required angles 

* r i r 2 

Orthogonal Circles 

11 2 Def. Two circles are said to be orthogonal if their 
angles of intersection is a right angle. 

Such circles are said to cut each other orthogonally. 
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11.3. To find the condition that the two circles 

x * -by 2 + 2g x x 4- 2f v y +c, = 0 

and x 2 4 y 2 + 2g 2 x2f 2 y+c 2 =0 

man cut orthogonally. 

Let C,( —<7j, -/,) and 
^‘ 2 (“ 02 » — /a) be the centres 
of the two circles, and P 
their point of intersection, 
so that CiP is the radius 
of the first circle and C 2 P 
the radius of the other. 

Now if the two circles 
cut orthogonally, /_ C,PC 2 
— 90°, which gives 

C 1 C 2 2 =C 1 P 2 -fG 2 P* 



^ [-*-(-0,]* + [ / 1 -(-/ 2 )3 a = (v/i7 1 2 +/i 2 -c 1 ) 2 


+ (\/^ a +/ a 2 - 

or (f7 2 -I7i) 2 +(/ 2 -/ l ) 2 = 17 1 2 +/ 1 2 -c 1 4-f7a 2 -b/2 2 -C2 
or — 2g x g2— 2/,/a = — c,—c 2 

or 2g,g 2 -ff,f 2 —c,4-c 2 

which is the required condition. 

Intersection of Two Circles 
11.4. To find the points of intersection of the circles 

4 V 2 4- 2g l x+2fiy+c x = 0 
and xi +y 2 +2g 2 x+2f i y + c 2 = 0 

The equations of the circles are 

* , +y , +20 1 *4-2/,y+c l «O 

* V + V 1 + 2q 2 x f 2fiy + c 2 =0 

As a rule, the co-ordinates of the points of intersection 
be found by solving (1) and (2) simultaneously. 

.*. Subtracting (2) from (1) we get 

2 *(9i - 0s) + 2 y{ fi-f 2 ) + (c, - c # ) =0 
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Now by solving (1) and (3), or (2) and (3) we can get the \ 
required co-ordinates. It is obvious that the two circles will 
intersect in two points. These points of intersection may be 
real, coincident , or imaginary. Two touching circles intersect in 
two coincident points. 

11.5. Common Chord. 

The co-ordinates of two intersecting circles (l)and (2) in 
Article 11.4 satisfy even (>) wh ch is a st. line and is called the ^ 

common chord of the two intersecting circles. If the two 
circles touch each other, then this common chord becomes the ' 

common tangent to the two circles at the point of contact. 




Note : There can he no common chord cr common tangent in 
the case of two circles intersecting in two imaginary points. 
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Systems of Circles 


11.6. To find the equation of any circle through the points 
of intersection of the circle x 2 +y* + 2gx + 2fy + c = 0 and the line 
A.x -f- By -}- 0 = 0 


The equution of the circle is 

z 2 -f y 2 +2gx+2fy+c=0 ...(1) 

and that of the line is 

Ax-\-By-\-C=0 ...(2) 

Let us consider the following equation :— 

*'+y i +2gx + 2fy + c+k(Bx+By+C) = 0 ...(3) 

Now in equation (3) we notice that it is of second degree in 
x and y, the coefficient of x 2 is equal to the coefficient of?/ 2 , 
and there is no term like xy in it. Hence it represents a circle. 
Moreover, the co ordinates of points which satisfy (1) and (2) 
wdl obviously satisfy (3) also. Therefore, the point of inter- 
section of the circle (1) and of the line (2) lie on (3). 


Hence {3) represents the equation of any circle passing through 
the points of intersection of (1) and (2). 

’ T*l e va ^ ue °f k can be found from the second 
condition satisfied by the circle. 


. . ^ To find the equation of any circle through the points of 
intersection of the two circles 


x*+y t +2g i x+2f,y+c l =0 
and ** + y'+2 g2 x+2f 2 y+c 2 =0 

The equations of the two circles are : 

x'+y'+2g x x+2f,y+ Cl =0 

**+y * 4- 2goX -f 2f 2 y -j- c 2 = 0 ... ( 2) 

Let us consider the following equation : 

x '+y*l-2g,x+2f, ;/ +c l +1c(x*+yt + 2g0 + 2f i y+c ! ,)~O ...(3) 

. Now , in equation (3) we notice that it is of second decree 
in x and i/. the coefficient of x* is equal to the coefficient of v ! 
(1+fc) in each case and it does not involve the product of xy. 
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Therefore, it represents a circle. Moreover, the co-ordinates 
of the points which satisfy (1) and (2) will obviously satisfy (3) 
also. Hence it represents a circle passing through the points 
of intersection of the circles (1) and (2). 

Note : (1) The value of k can be found from the second 

condition satisfied by the circle. 

(2) In practice, it is preferable to find the equation of the 
common chord of the two circles, and then find the equation of any 
circle passing through the intersection of one of the circles and their 
common chord. 


Solved Examples 

Ex. 1. Find the angle at which the circles 

x t -\-y 2 —2x — ^— / hj=0 
and x 2 + 2/ 8 = : 16 

intersect. 

Sol. Let r, and r 2 be the radii of these two circles and d 
the distance between their centres, so that 

r i=Vl+4+4 =3, r 2 =4 

and d=V(-l-0)*+(—0,-=Vl+4=VT 

r 2-t-r 2 _ d 2 

... Using cos e = 1 2rf r 2 -’ we get 

9-l 13-5 20 5 

cos 0= 2 3 4 - 24 “ 6 

, 5 

which gives S-cos - g 


are 


Ex. 2. 



Show that the circles 

x 2 -\-y 2 — 4z - 6y —12 = 0 

x 2 4.6a; + - 12 = 0 


orthogonal to each other. 

Sol. Comparing the given circles with 

x*+y 2 + 2g l x+2fy+c 1 =0 
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and 


and .r 2 +y 2 +2g 2 x + 2f 2 y - c 2 = 0 

vve get 

j 7 , = -2,/ i =~3 

c, = —12 

and {72 = 3 , / 2 = 2 , c 2 = —12 

Now 2 j 7 lJ 7 ,+ 2/ I / 2 =2 [ — 2 x 3 — 3 x 2] 

=2( —6 — 6) = 2( —12) = — 24 

and c i + c 2 — 12—12 = —24 ...(Art. 11.3) 

2f7 1 j7 2 d-2 / J / 2 = c 1 -fc 2 

Hence the two given circles are orthogonal. 

Ex. 3. Find the equition and the length of the common 
chord of the circles 

* 2 + y 2 -5.e-7f/-F2=0 and x 2 +if— lx— 3^ + 2 = 0 
Sol. The equations of the circles are 

x' + if-bx-ly + 'l^O ...(!) 

.rH.V 2 -7.r-3y+2 = 0 ... (2 ) 

(0 Subtracting ( 2 ) from ( 1 ) we get 

2x—4y=0 
or x-2y=0 

which gives the equation of the common chord. (Art. 11.5) 
(n) Next, centre of the circle (1) is (f, *), and the radius 


- 4 “4-2-4“ 

t,ie centre of the circle 
(1) and AB the common chord whose 
equation is x ~2ij=0. 

Draw OL J_ cn AB. Then 


v/1+4 ™ v 5 


9 

2,5 


Vj 70 


-' 5 2\/ 5 

(neglecting — ve sign) 
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OB=radius of the circle = 


V66 


BL= v /OB«—OL‘ =/\/f V 


= * 


81 

20 

2l9 

5 


249 

20 


Hence AB 



249 


Ex. 4.*~ Find the equation of the circle which has for its 
diameter the common chord of the circles 

x 2 -\- t/ 2 +4.r-f -f- 1 =0 •••(!) 

and x 2 + y*— 6x-j-3?/+2 = 0 ..*(2) 



Sol. The equation of the common chord AB is 

10z+2t/-l=0 

The equation of the circle passing through the common 
points of (1) and (2, is given by 

*.+j,’+4*+5,, +1 +4(x*+</’ - 6*+3y+2)=0 n 7) 

or ( 1 + 4)x'+(1 + %’+(4 - 64)x+ (5 + 34)</+(l + 24)=0 

ii , , 4-64 5 + 34 _L±2* =0 ... ( 4) 

or **+y*+" 1 ^3 \+k * l+k 
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The centre of circle 
It lies on (3) 


. . f 2-3 k 5 + 3 k "1 

() 15 L i+t * _ 2 (T+rjJ 


_10 v 2-3i-) 2 ( 5 + 3 k) 

-f+b—- 2 i lltr l=0 

or — 10(2 —37*) — (5 f 3k )-( 1 -f 7.*) = 0 
or 307*-37* — 7=20-j-5-f- 1 
or 267: = 26 

or k= 1. 


Hence from (4) the equation of the circle is 

is 

2(* 2 + if-) - 2a- + Qy 4- 3 -= 0 


= 0 


or 


Exercise 15 

Find the angle at which the following circles intersect 

1. x'+y 2 — 2a?-4y=4 and .c 2 -f t/ 2 = 16. 

2. (x—«)*+(£— 6) 2 =/i 2 and (a*-c) 2 -f (. r — d) 2 =:k- 

Show that the following pairs of circles cot orthogonally - 

3. x-+y -4*-<* — 12-0 and ** + *+6* + 4*- 12 = 0. ' 

4. .r- + r + 6.r-8^/-15 = 0 and x 2 +t / 2-2*-f- lOy -31 =0. 

5 .t"+2/’+2.r — 4 1 /4-3 = 0 and * ! +y 2 -6.r+4y- 1 7 = 0 * 

6. Find the condition that the circles 

may be orAaK* + + C = 0 and **+y»+2«'* + 26 s, + c'= 

respec > Jf^J r ov n e d thirthe circle^ 0 drC ' eS ° fradii and 


intersect at right angles. 


a a 
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8. Find the equation of a circle parsing through the origin, 
having its centre on the line x+y =4 and cutting the circle ' 

% 2 -\-y 2 — 4a; + 2y-j-4 = 0 orthogonally. 

r 

Find the equation ol the circle through the points (2, 0), 
(0, 2) and orthogonal to the circle 2x 2 + 2y 2 -\-bx - 6t/4-4=. 0. 

Prove that the equation of the circle of which the 
diameter is the chord cut oft by the line a; cos a -\-y sin a.=p on 
?the circle x 2 -\- y l —a? is 

a: 2 _L l/ 2 _ a'-- . 2p( x cos a-f y sin a— p) 

(K.U., B.A., J957) 

11. Find the equations of the two circles which intersect the 
circles 

x 2 -\-y 2 — 6y 4 - 1=0 

and **+y*- 4 y+1=° 

orthogonally and touch the line 

3x-f4^-f5 = 0. 

2. Find the equation to the circle which cuts orthogonally 
each of the three circles 

*2+^ + 2*+17y + 4=0 
x 2 +y 2 + 7x-\-6y+ 11=0 
x 2 -\-y 2 —x-\-22y-\-3 — 0. 

find the lengths of the common chords of the circles 
\y\2>. s*+y 2 + ax + by+ c = 0 and x 2 d- y 2 + bx + ay + c=0. 

h x *+v^2y-9 = 0 and 2z 2 + 2?/' ! 4-3£-H/“6 = 0. 

15'-'find the equation of the circle whose diameter is the 
common chord^fthe circles . 

x*+y*+2x+ 3y +1 = 0 and 
a;Hy 2 +4r+3t/ + 2= 0 . 

^Find the length of the common chord of the circles 
/^ia^ + V = a 2 anda: ? -|-(y-6) 8 =6 2 and prove that the equation 
of the circle whose diameter is this common chord is 

(a 2 +6 2 )(a; 2 4 t/ 2 )= 2ab(bx+ay) 
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17. Find the equation of the circle 

(i) passing through the intersection of 2x -\-y - 10 =0 and 
* 2 +y % = 2Vand the origin. 

.^.(ijVpassing through the intersection of the circles 

+ — 7 = 0 and x* -f v 2 4- 3.r—2y — 1 =0 

the point (I, 2). y 

sing through the intersection of the circles 
and x-+y--2by and having its centre on the line 


and through 
(mV pas: 

* 2 +tf42ax < 


X 


— X =2 

ah' 


118. Common tangents to two circles 

their"radii.' bC ‘ he Ce ' ltreS ° f the two circle*. and 


r i » ^*2 


in S ra 'simUarf; e 1e C tThe°L tanSent T ’ T ° and ,et il ™eet Ci G a 
meet C t C s in ’ transverse common tangent T, T, 



Join GjTj and C S T,. 

Now from the similar As C.T.S. and P T « 

i i a ^aTgSg* we have 

/'i n a. — ’ 


C,S 2 _ C,T, __ 

Similirl^ft^'be ^ „ 

the ratio of the radii. 1 aiVldes ^i C 2 internally in 

as the — 
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The pair of tangents from S L are the transverse common 
tangents whereas those from S 2 are the direct common tangents. 

Hence the following method : — 

( i) Find the co ordinates of S, and S 2 which divide the line of 
centres internally and externally in the ratio of the radii. 

(it) Write down the equations of the tangents through S l and 
S 2 to either of the two circles. 


Illustration :— 

Find the common tangents to the circles 

s 2 -ft / 2 = l 

and (#■— 1 ) 2 -M*/—3) 2 —4 

Sol. The centres of the circles are (0, 0) and (1, 3). 
Their radii are 1 and 2. 


-(I) 

...( 2 ) 


Their radii are l ana 

Now S„ the point which divides the line joining (0, 0) and 
(13) internally in the ratio 1 : 2 is given by 

/ 1 x 1+2x0 lxS+2x0t jjj 

S i=(,- 1+2“’ 1+2 ) 

Similarly, S 2 , the point which divides the same line exter¬ 
nally in the ratio 1 : 2 is given by 

„ / 1x1 — 2x0 1x3—2x0 \ 

s 2 = -—no ’ i-2 J 


% 


Now, any tangent to circle (1) is 

y=mx+ s /i-\-m 2 

It passes through 1) 

1 [ -\-m 2 

(l-im) a =l+w 2 

1 -\-\m 2 —\m= 1 + m 2 

4 m 2 + 3w=0 which gives 

m=0, 7n =>—f • 


or 

or 

or 
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(3) gives 

V = 1 and 

or y— 1=0 and 3a: 4i/ — 5 


These give the equations of the indirect (or transverse) 
common tangents. 

Again, (3) passes through (—1, —3) 

3 — — mJ r\/\ + m 2 

or (m— 3) 2 =1 -fm 2 

or m 2 — 6m+9 = 1 + m 2 

or 0.m 2 + 6m — 8 = 0 (Please note this step) 

This gives m = f and oo (v CoefT. of m 2 is zero) 

If m~\ then (3) becomes 


or = 

or 4x—3y+5=0 

Again the tangent with m as oo is parallel to the y-axis. As 
it passes through (—1, —3) its equation is x= — 1 

Hence 4x — 3y+5 = 0 


and 3+1=0 

are the two direct common tangents. 

Radical Axis 


Definition : The radical axis of two cricles is the 
locus of a point which moves such that the lengths of the tangents 
drawn from it to the two circles are equal. 

Let the equations of the circles be 


x*+y*+2g i x+2f 1 y+c l =0 ...( 1 ) 

« 2 +yH2^a:+2/ 22/ +c 2 =0 ...(2) 

Let P(x , y ) be any point such that the tangents from it to 
these two circles are equal Let PT and PT' be these tangents. 
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3- 

Then PT=vV 2 + y '*+-f 2/,y'4c 1 

and PT'^v/^fTHT^' + 2/ 2 y' -f c 2 

(Article 10.7) 

Now PT = PT' 

x 2 -f y' 1 + %9i x ' +2/y + c i 

=,^ + 2/' 3 +2sr 2 .r'+2/ j2/ '4c 2 

or 2x\g x —g 2 ) + 2t/'(/! —/ 2 )+(c,—c 2 ) = 0 

the locus of P(*', 2/') is 

2*(g,- g 2 )+ 2 y( f i“ f 2 ) + (c 1 -c 2 )=0 

hich gives the equation of the Radical Axis. 


...(3) 
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Note : (1) The radical axis of two circles is a straight line 

because (3) is a first degree equation in x, y. 

(2) If the equations of two circles are denoted by 
S. = 0 and S 2 = 0 then the equation of their radical axis vs 
*S’j —S 9 =0 -provided that the equations of the two circles are written 
such that the coefficients of x l and ij 1 in each are — unity. 

(3) If the two circles S x = 0 and S 2 = 0 intersect, then : 
their radical axis is the same as their common chord. If the 
circles touch, then the radical axis is their common tangent at 
their point of contact. This is clear from figures No. ( i) and ( ii) 
respectively. 


11.10. Theorems on Radical Axis 

Theorem I. The radical axis of two circles is perpendicular 
to the line joining their centres. 

Let the two circle? be 

x'-\-y t +2g l x-\-2f l y + c l = 0 

+ y 2 4- 2 g 2 x 4- 2 f 2 y 4- = 0 
The centres of these circles are 


(-0i. -/») and (-02* —A) 

♦*. the slope of the line joining these centres 

~ /a — ( ~ (j) _ f i S 2 

02 ( 0lj 01“08 




Now the equation of the radical axis of the two given 
circles is 


2 *(?,-?,)+ 2 y(S, -/,) + (c,—c 2 ) = 0 

(Article 11.9) 


the slope of the radical axis is 


2(0, ~0 2 ) _ 0i-02 

Ah-h) “ /i-/ 2 
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elementary co-ordinate geometry 
The product of slopes (1) and (2) is 

9i~9s \ , 

9i~9 2 ^ 7 i ~/ 2 / 

This shows that the radical axis is perpendicular to the line 
joining the centres . 

Theorem II. The radical axes of these circles, taken in 
pairs, meet in a point. 

Let the equations of the circles be 

S J = 0, S 2 =0, S 3 = 0 

the’coefficients of x 2 and y 2 being unity in each equation. 

Thejradical axes of these circles, taken in pairs, are 

Sj-S^O ...(1) 

$2~ $3 =0 •••(2) 

S 3 —Sj= 0 •••(3) 

% 

Adding the L.H.S.’sJof (1), (2) and (3), we find that their 
sum vanishes. Hence the lines represented by (/), (2), (3 ) are 
concurrent . (Article 5.5) 

Note : The common point of the radical axes of three circles, 
taken in pairs, is called the Radical Centre. 

Theorem III. The difference of the squares of the tangents 
to two circles from any point in their plane varies as the distance 
of the point from their radical axis. » 

Let us take the z-axis as the line of the centres of the circles, 
and the y-axis as the radical axis. We can do so because the 
radical axis is ± to the line joining the centres and the y-axis 
is also J_ to the .r-axis. 

.*. *the equations of the two circles can be put as 

x 2 4 y i +?g l x+c= 0 
z 2 + y 2 + 2y 2 z+c = 0 

(Keep the same constant in both equations) 


This is the simplest form of the equation of a circle and can be 
explained better at a later stage. 


TWO OR MORE CIRCLES 


185 


tions for the special choice of the axes. 

Let lx y) be any point in the plane of the circles. There¬ 
fore fhe difference of the squares oi the tangents drawn from 

(x 4 , i/ x ) to the circles is equal to 

(*,*+ y? + 2^*,+ c) - (a:, 4 + 2 /, 1 + 2 02 *i + f ) 

=2x 1 (r/ 1 — g 2 ) 

Let us denote this difference of the L.H.S. by “<T 

d = 2x x (a l -g 2 ) 


or — =2(ff,-ff s ) (constant) 

Hence d varies as x v the distance of ( ; r„ y 4 ) from the axis of 
y which we have taken to be the radical axis 

Theorem IV. If two circles cut a third circle orthogonally , 
the radical axis of the two circles pass s through the centre of the 
third circle. 


Let the equation of ( the two circles be 

x 2 y*+2g X xc =0 •••( U 

and x 2 +y' l + 2g. l x-\-c = <d •••(2) 

Let the circle cutting (1) and (2) orthogonally be 

, x 3 +2/ 2 -f 2Gx+2F]/-l-G = 0 •••(3) 

.*. 2G<7 =c-f C"| 

>■ (••• 2 ? 1 g s + 2 / 1 / I =c,+c 2 ) 

and 2G<7 2 =c-|-C J 

These two equations give 

G=0, and G = —c 


the equation of the third circle becomes 

x'+y 2 + 2Fy- c = 0 

The centre of (4) is ( 0 , —F) which evidently lies 
radical axis of (1) and (2). 


•••(4) 

on x = 0, the 
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Theorem V. The radical axis of two circles bisects their 
common tangents. 

Let OR be the 
radical axis of the two 
circles and AB the 
common tangent cut¬ 
ting the radical axis 
in M. Then MA and 
MB are the tangents to 
the two circles from a 
point M on the radi¬ 
cal axis. Hence they 
are equal. 

Theorem VI. The Radical Centre of three circles]'described 
on the sides of a triangle as diameters is the orthocentre of the 
triangle. 

Let ABC be the triangle and AL the perpendicular to BC. 

Then circles described on AB and AC as diameters pass 
through L. 

Therefore, AL is 
that radical axis. 

Similarly, the radical 
axis of the circles on 
AB and BC as dia¬ 
meters will be the 
altitude BM, and for 
the third pair is ill's 
altitude CN. The three 
radical axes, therefore , 
meet in the orthocentre. 

11.11. Touching Circles 

Definition. Two circles are said to touch each other if their 
radical axis is their common tangent at the point of contact. 

Alternatively : 

Tuo circles are said to touch each other externally if the 
distance between their centres is equal to the sum of their rad i , 
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and these a,e said to touch internally if the distance between 
their centres is equal to the difference of their radii. 



Case of external touch 


Case of internal 
touch 


Co-axal Circles 


11.12. Def :—A system of circles is said to be co-axal if every 
pa'r of them has the same radical axis. 

(a) If S = 0 and S'=0 be two circles then S-j-^S' = 0 repre¬ 
sents a co-axal system for different values of >. 

If Tv,, be two different values of then S -f ?\ l S' — 0 and 
S-fft 2 S'=0 are two circles of the system. The radical axis of 
these two circles is 


_ S -f ft 2 S > _ 

l + > 2 

which simplifies into (ft,— 7 2 )(S —S') = 0 

or S-S'=0 

which is a fixed straight line. 

(6) If S=0 is a circle and U=0 is a straight line, then 
S + TvU^O also represents a co-axal system for different values 
of ft, U=0 being their radical axis. 
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ant/sl>TT-n bC tW ° dif F erent valu “ of?, ; then S+7i,U = 0 

- x : s nftl 2 aT . e tw ? cir cles of the system, and the radical 
•axis ot these two circles is 



Let us take the line of centres as the a:*axis and the common 
radical axis as the y-axis. We can do so because the radical 
axis of the two circles is always perpendicular to the line joining 
the centres of the circles. 

Let the equations of any two circles of the system be 


* 2 +yH2^4-2/ 1 y+c j5S 0 ...(1) 

and x'-\-y 2 -\-2g 2 x -f 2f 2 y -}- c 2 = 0 ...(2) 

Now the centres of (1) and (2) lie on z-axis. 

Therefore f l =/ 2 = 0 

Hence (1) and (2) become 

x 2 +y 2 -\-2g x + ...(3) 

and x 2 -\-y 2 -\-2g z x-\-c 2 — 0 •••(4) 

The radical axis of (3) and (4) is 

2ar(j7i — g 2 ) -f- (h — c 2 ) = 0 ...(5) 
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Now (5) is the same as x = 0, i.e., as the y- axis 

Cj-c.,^0 

or Cj=c 2 =c (say) 

(3) and (4) reduce to 

ar + S/ 2 4 2(/ r r-fc = 0 

and A ,2 + t/ 2 + 2 r 7 2 .r + c = 0 

where c is a constant. 

From this it follows that circles of the co nxal system are 
given by the equation 

x 2 4y 2 + 2gx-t-c=0 

where g is a variable parameter and c is a constant. 

11.14. Limiting Points of a coaxal system 

In Article 11.13, we have seen that the equation to a co-axal 
system of circles can be put as 

x z -\-y 2 +2gx+c =0 ...(1) 

where g varies. 

Now (1) can be further written as 

(*-f 0) 2 +!/* = [ VV - c] a 

The centre of this circle, therefore, is ( — ( 7 , 0) and the 
radius is s/g l — c. 

This radius vanishes, ifg 2 — c=0 i.e., if £7 = ± %/<-’• The 
circle then becomes a point-circle. 

Hence at the particular points (± \/ c » 0) we have point- 
circles which belong to the system. These point-circles are 
called the Limiting Points of the system. 

The points (\/c. 01 and (— y/c, 0) which are the centres 
of the point circles belonging to the coaxal system (1) are 
called the limiting points of this system. 

Now if c is positive, the limiting points are real , but the 
points of intersection are imaginary , whereas if c is negative, the 
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■limiting points are imaginary , but the points of intersection are 
real. This is shown below :— 

(i) Let any two circles of the system be 

a: 2 +2/ 2 + 2^a:-f-c=0 ...(1) 

and * 2 +y 2 +2^x + c=0 ...(2) 

where c is -f ve. 

Subtracting (2) from (1), we get 

x=0 

Substituting this value of x in (1) or (2) we get 

+ C = 0 

or y=±\'-c 

Hence the points of intersection of (1) and (2) are 

,' 0 > v/^) and their limiting points are (fyc. 0) 

’ (n) Let the circles of the system be 

£ 2 +2/ 2 -f 2 < 7 ,x—c = 0 ...(1) 

* 2 +2/ 2 +2? 2 *-c = 0 ...(2) 

where c is —ve. 

Subtracting (2) from (1). we get 

x = 0 

Substituting this value of x in (1) or (2), we get 

y 2 c or y=±V c 

Hence the points of intersection of (1) and (2) are (0, i\/c), 

and from \/g, 2 +<T= 0 or from \/g 2 a -f c = 0, we get (± n/^ 0) 
as their limiting points. 

11.15. Theorems on Limiting Points 

Theorem I. The limiting points of a co-axal system are 
conjugate w.r.t. every circle of the system. 

The equation of any circle of the system is 

^ 2 +2/ 2 +2^+c = 0 

The limiting points of L (\/c, 0) and L'( — y/c, 0) 

(Article 11.14) 
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Now the polar of L(v/c, 0) w.r.t. 

£ 2 +y 2 + 2 < 7 ;r + c = 0 is 

v c.c + 0 y+g{x+ ■ v /c)-fc=0 (Art. 10.10) 

or Wcx-\-c) + g(x + v c) = 0 

or (x+y/c){y/c+g)= 0 

or x+\,'c = 0 (v<7fx/c?£ 0) 

which evidently passes through L'( - ^/c, 0) 

Hence the theorem. 

Theorem II. Every circle through the limiting points cuts 

every member of a co-axal system orthogonally. 

Let the co-axal system be represented by 

**+y*+20r+c = 0 _ ( 1) 

be Let any circle passing through the limiting points (± ^c, 0) 


a: , +j/H2Ax + 2By+fc=0 

Now that (± v/c, 0) lie on (2), we have 

c + 2A y c-f k = 0 

and c-2A v c+i=0 

These give A=0 ,k=—c 


...( 2 ) 


• • 


(2) becomes 


* 2 +2/* + 2Bi/-c = 0 ^ 

(Keeping B as it is) 

Now the condition for (1) and (3) to be orthogonal is 

2j(0)4 2.(0).B=c—c 

which is clearly satisfied. Hence the theorem. 

Note (1) ; Circles (1) and (2) are said to be conjugate. 

Note (2) . Equation (3) can better be written as 

* , +y , +2fy-c=o. 
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Theorem III. The radical axis of one system is the line of 
centres of the other system. 

Let the equation of the first system be 

x 2 -\ y 2 +2gx -\-c = 0 ...(1) 

where g is a variable. 

The radical axis of this system is 

x= 0 

This is clearly the line of centre of the system 

x 2 +y'- + 2fy c = 0 ...(2) 

Again, the radical axis of system (2) is 

» = ° 

which is clearly the line of centres of system (1). 

This completes the proof. 

Theorem IV. The points of intersection of one system are 
the limiting points of the other system. 

The points of intersection of the first system, ie., of 
a . 2 + 2 * 7 * 4 -c = 0 are (0±V —c ) and the limiting points are 

(±V7,0) (Article 1114) 

Now the other system is 

x*-\-y 2 +2fy-c = 0. 

The limiting points of the system are (0± \/~c ) an( 3 to find 
the points of intersection of the system let us take the following 
two circles belonging to the system 

£ 2 4-2/ 2 c — 0 •••(!) 

and * 2 4-!/ 2 4-2/ 2 y-c=0 •••( 2 ) 

Subtracting (2) from (1), we get 

?/ = ° 

• from (1), *--c=0 _ 

x = ±\/ c 

Hence the points of intersection of this system are. 

(iv/T,0) 

This proves the theorem. 


• • 


or 


TWO OR MORE CIRCLES 

Solved Examples 

Ex. 1. Find the radical axis of the circles 

x 2 +y 2 -\-x-y— 2=0 

and 3x a + 3t/ 2 +4;r-12=0 

Sol. The equations of the circles are 

2 = 0 

and x 2 -ft/2+f^-4 = 0 
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Subtracting (2) from (1), we get 


...( 1 ) 

-.( 2 ) 

(Please note this step) 




° r a;-f3y=6 

which is the radical axis. 

Ex * 2. Show that the circles 

* 2 +^+2*4-2y-f-i=0 

and x2 +y 2 -4*~6y-3=0 

touch each other. 

Sol. (t) (Method of radical axis) 

The radical axis of the two circles is 

6 *+8^+4=0 

0r 3z+4y-f-2=0 

both the circles. °If (T)touchesAefirst^ ,an S em to 

of the perpendicular drawn from circle > t * len the length 

front (-1. -1) on („ must be eq^** 

v / r i +7icrr=i 

Now the J_ distant- . 3x -1+ 4x -14-2 

V9 + 16 


=-T=i 


(in magnitude) 
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3x4-4i/-|-2 = 0 is a tangent to the first circle. Similarly 
it can be shown that (1) is the tangent to the second circle. 

Hence the two circles touch : 

(it) (. Method of centres and, radii) 

The centre of the first circle is (- 1, — 1) and radius is 1. 

The centre of the second circle is (2, 3) and the radius is 

V4 + 9 + 3 = 4. 

Now if the two circles touch, then the distance between 
their centres roust be equal to the sum or the difference of 
their radii, i.e. t if they touch externally the distance must be 
equal to the sum of the radii, and if they touch internally , it 
must be equal to their difference. 

The distance between (2, 3) and (—1, — 1) 

= \/(2 + l) 2 H3 + l)*~=\/9Tl6~=5 

Obviously , this is equal to the sum of their radii. 

Hence the two circles touch externally. 


Ex. 3. Find the limiting points of the co-axal system 
determined by 

x 2 + y 2 - 1 Ox —8y 4-5 = 0 
and zH 2 / 2 + 10 *+ 2 t/ = 0 

Sol. The radical axis of the sys'em is 

20x4- 10y—5 = 0 

or 4x-\-2y— 1=0 

... the co-axal system is given by 

x 2 +y 2 + 10x4- 2y+H*x 4- 2y-l)=0 

[Article 11.12 (6)] 

x‘L-\-y ,t -\-2{f)-\-2k)x 4 2(1 -\-k)y—k=0 

The centre is [— (5 +2&), — (!+&) ]_ •••(!) 

and the radius =\/(5 + 2A;) 2 -4(l+^) a 4-^ 

=v / 5F4 7 23&4-26' 
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If the radius is zero, then 

5£ 2 + 23fc+26=0 
This gives & = — 2, — 1 6 a . 

Substituting these values of k in (1), we get the required 
limiting points as 


(-1, 1) and (l, |) 

Ex. 4. Find the equation of the circle which passes through 
the origin and belongs to the co-axal system whose limiting woints 
are (1, 3) and (2, 6). 


Sol. The limiting points are the point-circles of the system 
I heir equations aie 


and 


( x ~ l) 2 + (y -3) 2 —0 
(*- 2 ) 2 +( y - 6) 2 =0 


• • 


cycles eqUation ofthe co * axal s V stem determined by the 


(x~ l) 2 +(2/-3) 2 +t{(a:_2)2+(y_6) 2 } = 0 

I Ins circle will pass through the origin if ' 

10+40& = 0 or &= — + 

Hence the required circle is 

( ;c -l) 2 -b(2/-3) 2 -^[(a;-2)2 + (y_6)2*=0 

or 3 ( x2 +y 2 )-4x-\2y=0 

Exercise 16 

1. Prndthe external common tangents to two circles 

*Hj 2 =16 

an< ^ 6m — 8y = 0 

the circles^ ** ^ Ua V+ he s ‘-'ght lines which touch both 
Find also the 
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3. Show tli^t the common tangents tqfhe circles 

and z 2 4-y 2 — 6 z =0 

form an equilateral mangle. 

4 t Find the common external tangents of the circles 

x 2 -}- y 2 — 2 ^ 62 H- 9 =0 

and -- 

Find the radical axis of the circles. 

5. x 2 -\-y 2 —4 and x 2 -{-y 2 — 2z—3t/=0. 

C ^ 6 . x 2 -\-y 2 -\-4x+4y-\-1 = 0 and x 2 4ry 2 — 6a;+2y— 3=0. 

v^ 7 . x 2 4 ? y s '—bx-\-by-4 c = 0 and a# 2 -f ay 2 — a 2 x-\-b 2 y=0. 


Q.Vp^nd^the radical axis and the length of the common 

chord of the circles 

^ x*-f y 2 +ax+by+c = 0 

and ^ x 2 +y 2 +bx+ay+c= 0. ( P.U. 1957 S ) 

9 V^md the length of the common chord of the circles 

x 2 +y 2 + 2x+3y+l=0 • 
and___+3y+ 2=0 

~~~ 10. Show that the circles * \ 

a; 2 _|_^ 2 _ 6 x — 6 t/+ 10=0 and x 2 +y 2 =2 

touch and find the point of contact. —— 

" — Hr Prove that the circles 

x 2 -\-y 2 —2x—4y -\-1 =0 
and x 2 +y 2 +4x+4y -1 = 0 

touch each other a nd fin d the e quation of the common chord. 

12. Show that the circles x 2 +y 2 +4x+2y= 15 and x 2 -\-y 2 —5 
touch internally and find their point of contact. 

that the two circles^^^ 
x 2 + 2 /*+ 2 ax-fc =0 \ 
ind * 2 -f-t/ 2 + 2 ty+c =0 ) 


TWO OB MORE CIRCLES 
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touch'if 



Eind the radical centre of the following circles 

14. £*+.y*+lh;+5* +7=0, -^ t +y 2 +13^+6y+2 

x 2 -\-y 2 -\- 17^+3?/—3=0. 

15. x a +*/ a +4a;-h7=0, 2s 2 +2?/ a +3*+5t/+9=0. 






16. ^+2/ 2 -4x+6y + 2=O r x'+y'-l =0, 

^ a; a +t/*-8x+12y+l=0. 

JVaj+y»+ai*+ 6 iy +c= 0 , s 2 +2/ 2 +a 2 a:+6 2 y+c=0, 

£ 2 -t-t/ 2 +a 3 :c +&3!/'i" c =Q« 

18. Find the limiting points of the co-axal system given by 


(i) £ 2 -}-t/ a —62 — 61 /+ 4=0, 


(u) x*+y a +2a:+3y + l=0, 


x a +2/ a -2s-4t/ + 3=0. 

(K.U. 1952) 

* 2 +2/ 2 + 42+3y+2=0. 

(K.U. 1950) 


19- Find the equation of the circle which passes through 
the origin and belongs to the co-axal system whose limiting 
points are (l, 2) and (4, 3). 


20 . The point (2, 1) is a limiting point of the co-axal 
system of circles of which 


x 2 +y*—6x— 4t/—3=0 

is a member. Find the equation of the radical axis and the 
co ordinates of the other limiting point. 

21. The origin is the limiting point of a co-axal system one 
of whose members is 


x 2 -\-y 2 —2ax—2by-\-c — 0 ; 
find the limiting point. 


22. If the 
co-axal system 


origin be at one of the limiting points of a 
of which x 2 +y 2 -\-2gx+2fy+c=0 is a member. 
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show that the equation of the system of circles cutting them all 
orthogonally is 

(z 2 + y 2 ) (g + rf) + c ( x +py )=o 

11 being a parameter. ( P.U . 1961) 

23. Prove that the polars of a given point w.r.t. a system of 
co-axals meet in another fixed point and the line joining these 
points is bisected by the radical axis of the system. 

{P.U. 1948) 

24. If A, B, G, be the centres of three co-axal circles and 
t lt t 2 , t 3 be the tangents to them from any point, prove that 

BC.^ 2 +GA.< 2 2 +AB.< 3 2 =0. 

25. If A, B, G be the centres and a, 6, c the radii of three 
co-axal circles, prove that 

a a .BC+6 a .CA+c 2 .AB4-BG.GA.AB=0 

(P. U. 1953) 


J. & K. UNIVERSITY PAPERS 

K.U.1966 

(a) If the point ( x, y) is equidistant from the points 
(i a-\-b, b—a) and ( a—b, b-\-a), prove that bx=ay. 

( b ) Show that the area of the parallelogram whose sides are 
along the line' 

y=.mx + a, y—mx-\-b, y=nx-\-c 
y=nx+d is (a — b)(c—d)!{m — n) 

(c) Find the value of ?\ so that the equation 


x 1 —\ny -f 2 y* + 3a; - by + 2 = 0 
may represent a pair of straight lines and find them. 

2. (a) Find the equations of the circles which pass through 
the origin and cut off equal chords a from the lines y = -±.x. 

(6) Obtain the equation of a system of co-axal circles in the 
simplest form. 

3. (a) Show that all the chords of the curve 

3s 2 — y 2 — 2x +4i/=0 

point 1 SU k tenc * a rig* 1 * angle at the origin pass through a fixed 

(6) Show that the lines 

y*—2xy sec 6+x 2 =0 
make an angle 0 with one another. 

K.U. 1967 

1. (a) Find the length of the perpendicular from a fixed 
point on a given straight line. 
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If p be the length of the perpendicular from the origin on 
the line 


prove that 



( b) Find the equation to the line through the point of inter¬ 
section of 5x —y-\- 3=0 and 3#+ 7?/—6 = 0 and the origin. 


2. (a) Find the angle between the lines 

ax* -f 2hxy + by 2 =0 

(6) Show that if one of the straight lines given by the 
equation 

ax *+2 hxy+by *=0 
coincides with one of those given by 

a'x*+2h'xy+b'y t ±*0 

then ( ah' — a'b^-^^dh '— a'h)(bh'—b h) = 0. 

3. (a) Define co-axal system of circles. Find the equation 
to the system in the simplest form. 

(6) Find the condition that the line y=mx+c may be tan¬ 
gent to the circle x'+y % =a *; show that the circle 

z a -f 2/ 2 -f 4i/-f 4=0 

touches the axes of co-ordinates. 




ANSWERS 


1. 5. 

3. y/a*+b*. 

5. 2 a sin ~ 7 jn~ • 
7. 3±2v/15. 


Exercise 1 

2. 13. 

4. v( a2 -t-2& a -fc 2 —2a6 — 26c- 

6. a(m, —m 2 )V( m i + m a) 2 + 4 - 


1. ¥, a 7 a . 2. -2, -9. 

3. (1,-1); (-11, 16). 4. (-5^,2*); (-20$, 34$). 

5- (-$, 0) ; (-1, 2). 6. (-*, f) ; (l, 1) ; (f, -?). 

7. 3, 8. 8. (0,9) ; (-12, -3) ; (4, -7). 

9. (2,-1). 10. (-4,-8). 

11. (i) -5 : 2 at (-1, 0) (it) -4 : 1 at (0, 1). _ 

12. (i) 3, 3, f. (ti) JV226, $V538. V202- 

14. (2,4). 

15. (i) (-1,0). (it) (14, 9). 

Exercise 3 

1. (i) 13$. 

(it) ab sin $(a-0) sin $(/3- Y ) sin $( Y -a). 

(*“) 42. (i v ) 15. 

(v) 

(tn) $a%-t 3 )(^,-g(< 1 -y. 

(vii) $a*(m 2 —772 3 )(77i 3 —;n 1 )(m 1 —w 2 )-f 
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5. k= — 4. 
8. (f) 85. 


(n) 


11 
2 • 


Exercise 4 


(ii) x+y = 7. 

4. 15a; 2 — y 2 + 2ax = a 


1. y 1 - 4y—2x+ 5 = 0. 

2. (i) 2#-f 4?/-}-3=0. 

3. y=3x. 

5. x 2 -\-y 2 — 3. 

6. (*•) 2aa;-}-& 2 =0. 

(m) 4.r 2 (c 2 -4a 2 ) 4- 4c 2 t/ 2 =c 2 (c 2 - 4a 2 ). 

(m) (rc 2 — 1) (x* +?/ 2 4- a 1 ) 4- 2ax(n* +1) = 0. 

(iv) (6a—2c)a;=a 2 —c 2 . 

8. #4-3?/—11=0. 9. x 2 ±y 2 =d 2 . 

11. (a; 2 4 - 2 / 2 )(.-r-j-?/)=aa;i/. 12. aV+6y=fl J 6 2 . 

Exercise 5 

1. y= 2 +1. 2. z-y-5=0. 

3. 2-v3y2v/-3=0. 4. 5y-32+15=0. 


5. 2z+3y=6. 

7. (») 2 +y=Il. 

8. 2y'+2'y=22'y'- 


6. 6x—5y+30 = 0. 

(n) y—x=l. 

9. 20*/-9z=96. 


10 . 


x 


b±y/\l 

11. 7t/—6z=84. 

12. (i) 135°. («) 45°. (in) 60°. 

(v) The line is || to the z-axis. 

(vi) It is _L to the s-axis. 

13. *4-\/3y=4. 14. y-x=5\/ 2. 

15. t/—a;v/3 = 4. 16. 3z-f-4y=10. 


y 


=- = l. 


(in) .r=y. 

2 


(w) 30°. 



ANSWERS 


17. (i) zcos 30°+t/sin 30°=f. 
(it) x cos 150° + !/ sin 150°=i 
(tit) x cos 210 °+y sin 210°= J 
(iv) x cos 330°4't/ sin 330°= ■> 

18. (i) y=\x+2. (it) 

(Hi) y= — x cos a -\-v cosec a. 
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Exercise 6 

2. y-\-2x=3. 

4. s=y, x+y=Q. 


1. y = 3x. 

8 . y=x+2, y= —x. 

5. x cos a +y sin a =p. 

-6. (i) x+y~ 1. 

(Hi) y—x= 1. 

(*) y(t l +t 2 )=2x+2at 1 t 2 . 

(vi) t l t 2 y+x=a(t 1 +t 2 ). 

.. a-f-# . a 4*3 3— a 

(t>u) 2 cos—~-f-i/ sin ——a cos ^-75— 


(n) s4-y=0. 

(iu) 10a;4-7y=ll. 


x a + 3 

— cos — 
a 2. 


, .... jo a-rp y . „ , ^ 

'(vm) — cos Q -—4- - - sin — 0 — = cos 


a4-0 

2 


a—|S 


/• \ z, a —3 • *+£ z. a+3 

(ix) bx cos -pp —a sin y -g- =ao cos —, 

(a;) (a—2&)s-&y 4-& 2 +2a&—a 2 =0. 

9. (i) a;=2, a;-2y4-6 = 0, 2a;+?y4-5=0. 

(ii) 5a:-3y4-2=0, a;4-12y-8=0, lla;4-6y-4 

10. The line is bisected. 

11 . (d-c)x+(a-b)y+be-ad=0 ; 

(d-c)x-\-(b -a)y+ac-bd=0. 

13. The point is (1, 6). 14. &2 . 

x-2 Vjzl-r where r=_—_ 

2v/34-3 * 

2 2 

16. 15° or 75°. 


15. 


Exercise 7 


1. 90°. 

• 4 

3. tan -1 g-. 

6. 2x 4-*4 y =11. 


2. tan- 1 J. 

a 2 —6 2 

4 * tan 2o6 ‘ 

7. 3a;—4y 4-6=0. 


answers 
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10 . 

12 . 

14. 


15. 

16. 

17. 



2*_3t/+7=0. 9. Ax + By = Ax\ + By'. 

3z+4i/=l8. 11. 7t/—8a:== 118. 

4y-\- 1 lx=10. 13. 16=0. 

2x(a-a')+2i/(6--&')=a 2 -a 2 +6 2 -6' 2 . 

8y= 10a;+29. 

3x-fy—5 = 0, 4x—3t/—5=0, 2x —5 = 0. 

3a:-J-t/—17 = 0, x—3t/+ 11=0. 
t/+2=0, V 3 ^— y— (3v/3+2)=0. 


Exercise 8 




5. The lines are parallel. 6. [atj* aft+l,)]. 

11. fe=5.. . 

ir (t) (—4, —3). (u) (H, _*). 

13. Wi(a a —03)+wia(a3—o 1 )+wi 3 (a 1 -a 2 )«0. 


14. 43x—29t/<=71. 
16. y=3x. 

18 . x+y+2*0. 

20. I3x—23t/=64. 

21. (i) 1 sq. unit. 

25. (-M). 


15. x—y = 11. 

17. 3x-\-4y= 5a. 

19. 23x+23y=ll. 

(*0 18 0 sq. units. 

26. (i>JK 
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2. Same side. 
4. (i) 1. 


Exercise 9 
3. 2. 

... a 2 -\-ab —b 2 
In) — - . 

Va*-\-b* 
{a-b) 2 


(Hi) \/ h 2 -\-k 2. 


w 5 ^ 2 - w 


5. 5 ; (}}» — A')* 

10. (; i) V- 


8 . 


(n) 


V13 ’ v/13 ’ v2* 

7 


V 5* 


( l ’“) / .. -TT, ( c > c ')‘ 


V a 2 -f 6 2 

11. ll.r+3?/-17=0. 

13. 8x-y-7=0, x-\-8y-9=0. 

11 14\ . 1A 

!“»• \V ) 2 7 / > 2 7 * 


<*o -, C A («>«. 


\/1 -fra 2 
12. x—y — 2 = 0 . 


Exercise 10 


1. (i) 90°. 


(ii) tan _1 (§). 


(m) tan -I ( 


. Vcos 20 
(«) tan TiniT 


(o) 45°. 


2. ,i) 8x J — 3xy-8y 2 =0. (ii) x -j-6xy-y*=0. 

(tii) x--y°~=0. (iv) x 2 -y 2 =0. 

8 . bx 2 -2hxy+ay 2 =0. 

Exercise 11 


1. 

3. 

5. 

6 . 


, 2) ; tan- 1 f. 

!, 1) ; tan- 1 ■&. 

6 

'Io • 

\ nr — 


2. (f, -*) ; 45' 
4. (3, 2); 90°. 


(«) 1. (iii) —3 



J T bis book has been written with a view to providing a. 

suitable text-book on Co-ordinate Geometry for the students of 

the first year of three-year degree course. It has been written. 

in strict accordance with the syllabus of the J. & K. University, 

and no pains have been spared to present the subject-matter in 

10.unders tand form. Accordingly, various Articles have 

.plained by means of a number of solved examples, most 

of which have been taken from University Papers. It is hoped 

that even the average student will easily dispense with "guides” 

on the subject if he tries to grasp the subject-matter as given in 
the book. 

Suggestions for improvement will be thankfully acknowl'eged. 

Central Jail Road, 

Srinagar-3 
I March, 1967. 


G. Mohi-nd Din. 
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joint equation of two st. lines, Oirci 
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Exercise 12 


1. k /2 ; (4,8). 
„ v/6 2 4c 2 / 


v/lOi 




' — 2~ ’ ( 2 a’ 2a)' 4 - V61 ; (2, 4). 



5- (S, 1); Jv/13. 6. -* k ■ ( |' °)- 

7 - v7 2 4<7 2 : (ff, -/)• 8. ^+j / !-|-‘5.r_4i / -4 = o. 

9. .t 2 + !/ 2 +10j:+12i/=39. £70 

10 . .t 2 +i,H2a.r4-26y+2J==0. 

11 . » 2 4-?/ 2 —2ax*-t-26y=2a6. 

12. .r 2 4-y 2 -a*-fy/ = 0. 13. x'-+y*- 22.r—4i/+25 = 0. 

14. .x 2 4-*/ 2 —5a;-?/4-4 = 0. 

15. &(** + 2/ 2 )-(a 2 4-^)a;4-(a-6)(a 2 +6 2 ) = 0. 

17. a; 2 4-t/ 2 + 5//-30 = 0. 18. 15(a; 2 4?/ 2 )-94a;4-18?/4-55 = 0- 

19. 3-' 2 4~ 2/ 2 —6x—8?/4-15=0. 

20. x ,2 4- y 2 —3x~4y — 0. 21. x 2 +y*-hx-foj=0. 

22. .r 2 4 -?/ 2 —10*—10// 4 -25 = 0. 

23. x 2 4- */ 2 ± 2ax±2ay+a 2 = 0. 

24. .r 2 4-*/ 2 - a;-2?/ -f 1=0. 

25. (.r-a)(.r-c)4-(?/-6)(y-d) = 0. 

26. .x’ 2 4-?/ 2 —3.c —y -22 =0. 

27. a? 2 +y 2 — 6a;4-4=0. 28. a; 2 4-^2-5a; 4-3?/-22=0. 

Exercise 13 


1. 6*+8j,+25=0. 2 . *-4j,+9=0. 

3. jc+3i/—10=0 ; x~ 3y— 10=0. 

4. *s7+/j,=0 v c=o! 5. x+y+l=0. 

6. 12.r+5(/=0. 7 , x - y _ 3= o. 

8. 4x-3y=0. 9 . 414 - 1 / 4 . 2 = 0 . 
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10. ax — by — 0. 11. (0, 5), (-4, 3) 

_ . r 2 am a( 1 - m 2 ) 1 

12. (0, a), |^ — » 1+m » J* 

13. The line touches the circle at (— 1, —1). 

14. (-V. -¥)• 15- (7, 3); (2, 8). 

16. a»(A*+B 2 ) = C 8 ; (_ Ao>, --£-<»* )• 

17. Aa+B6+C=±cv / A 1! +B t . 

/”T a*b r 

18. 2 <^/ 


\/ 


■?+b‘ 

. ( PI g ^ 

i-h> 2 ’ i+W* 


20 - ( 4 ’ VS' 

21. 5. -V 22 ,*+J/*-2,+4, 

23. v3x- ! /+ 4=0 > v3*-y-4=0. 

24. (i) a;+2j, + 2V5=0.*+2i/-2V5=0. 

(ii) 2 =0, ai—2 = Q.--—^ 

r 25. 3x-4y+20-0. 


-3=0 






1. 

2 . 

3. 

4. 

5. 

6 . 
7. 


The point lies outside the circle. 
The point lies outside the circle. 
The point lies outside the circle. 
The point lies on the circle. 

The point lies on the circle. 

The point lies inside the circle, 
a—3t/—10=0 ; 3z+t/-10=0. 
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8. 1 / — 2 — 0, 4a;—3t/—10=0 ; (0, 2), (?, 

9. 2a;-s/+l=0, z + 2*/-2 = 0. 

10. 11- 9 - 


12. \/ 2a 2 + 2ab -j- b 2 > 

13. 28a* 2 4-3 ixy —2 Qy 2 — 715a; — 19 5 ?/ + 4225=0. 

14. 12 Jo; 2 — 64 xy + 3y 2 - 664a;+226?/+763 = 0. 


15. a;-2i/ + 5=0. 

18. x 2 -\-y 2 — hx—ky =■ 0. 
23. a; + 2?/=7. 

25. .r = 0. 

27. (5, 10). 

29. (1, -2). 


16. 2x-3y-\- 13=0. 
20. 5a;+9j/ + 30 - 3. 
24. 8 a; —2</ = 11. 

26. by —ax = a 2 . 

28. (|, —A). 

30. a;' 2 + ?/ ,2 =2a 2 . 


Exercise 15 


1. cos -1 £. 


2. cos 


, h* + k*-Uc-a)*+("-b)*] 

- 2hk 

5. 2(aa' + i&') = c+*c'. 8. z s +t/ a 

9. 7x 2 -f 7y 2 —8x -8j —12=0. 


4x—4 j/ = 0, 


11 . x 2 +t/ 2 -1=0 and a; 2 +i/ 2 —Va;—1 =0. 

12. a; ; +?/ 2 - 6x-4y— 44 = 0. 


^ (a + 6) 2 -8c 
2 v 2 * 

15. 2(a; 2 +t/ 2 )+2x+62/+ 

16. 2ab+y/a 2 +b\ 


14- v6. 

1 = 0 , 


17. (i) 2a; 2 + 2y s — 10a;—5t/=0. 
(ii) x 2 +t/ 2 +4a;-7t/+5 = 0. 
(in) a; 2 +t/ 2 —3aa;+6t/ = 0. 


Exercise 16 

1. (6-v 6 )^+ 4 l/- 4 ( 2 - 3 V 6 ) = 0 ; (6+ v' 6 ) iC + 4 y 

—4(2+3 N /6)=0. 
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elementary co-ordinate geometry 


2. 3x±v/7 y- 8 = 

4. z-\/15 y- 8 = 

5. 2x—3t/-4=0. 


0, 2/—2/ 8== ® > ( 8 > 8 )» (a> 0) 

=0, x+V 15 2/ — 8=0. 

6. 5x —3*/-f 5=0. 


ac 


7. ax+by+^fr = °* 

/(a-f 6) 2 — 8c ^ 

8 . x — 1/=0 ; 2 

9. 2 ' /2 - I 1 ? - So 1)' 

11. 3*+4j/-l=0. 12. (2.1). 

i4. 2, i. 15 ; 2, ' 

16. The radical axes do not meet. 

is. J)(-umU). <*> ima / in n ary ; 

19. s*+t,»-z-3!/ = 0. 20. x+y+ 4=0 ;( 





